
UNIVERSITY OF PADOVA

Department of Physics “Galileo Galilei”

EFFECTS OF INTERPLANETARY DUST ON LISA
DRAG-FREE CONSTELLATION

Candidate: Giulio Mazzolo

Supervisor: Prof. Massimo Cerdonio
Assistant supervisor: Dr. Antonello Ortolan

Accademic Year 2008/2009

1



2



To my parents,

sources of my qualities

guiltless of my faults

I



II



Contents

Introduction 1

1 LISA mission 5
1.1 General relativity and gravitational waves . . . . . . . . . . . . . 5

1.1.1 The principle of equivalence . . . . . . . . . . . . . . . . . 5
1.1.2 Principle of least action in general relativity . . . . . . . . 7
1.1.3 Einstein equations . . . . . . . . . . . . . . . . . . . . . . 8
1.1.4 Mathematical origin of gravitational waves . . . . . . . . 9
1.1.5 Equation of geodesic deviation . . . . . . . . . . . . . . . 10

1.2 LISA mission overview . . . . . . . . . . . . . . . . . . . . . . . . 12
1.2.1 LISA constellation . . . . . . . . . . . . . . . . . . . . . . 12
1.2.2 LISA scientific mission . . . . . . . . . . . . . . . . . . . . 14
1.2.3 Satellites drag-free . . . . . . . . . . . . . . . . . . . . . . 15
1.2.4 LISA sensitivity . . . . . . . . . . . . . . . . . . . . . . . 15

1.3 Unperturbed orbits of LISA masses . . . . . . . . . . . . . . . . . 16
1.3.1 Choice of orbits . . . . . . . . . . . . . . . . . . . . . . . . 17
1.3.2 Kepler equation and its solutions . . . . . . . . . . . . . . 19
1.3.3 Approximated orbits . . . . . . . . . . . . . . . . . . . . . 21
1.3.4 The CW frame . . . . . . . . . . . . . . . . . . . . . . . . 22

2 Interplanetary dust and dark matter 25
2.1 Introduction to the physics of interplanetary dust . . . . . . . . . 25
2.2 Properties of interplanetary dust . . . . . . . . . . . . . . . . . . 27

2.2.1 General characteristics . . . . . . . . . . . . . . . . . . . . 27
2.2.2 Spatial densities . . . . . . . . . . . . . . . . . . . . . . . 28
2.2.3 Cross-sectional distribution and light scattering . . . . . . 29

2.3 Divine’s population model of interplanetary dust and its improve-
ments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.4 Analytical models of distribution of interplanetary dust . . . . . 32
2.4.1 Models assumptions . . . . . . . . . . . . . . . . . . . . . 32
2.4.2 Brightness integral and geometric definitions . . . . . . . 33
2.4.3 Analytical model approximations . . . . . . . . . . . . . . 33
2.4.4 General compatibility . . . . . . . . . . . . . . . . . . . . 37
2.4.5 Conclusions about interplanetary dust . . . . . . . . . . . 39

2.5 The need for dark matter . . . . . . . . . . . . . . . . . . . . . . 40
2.6 The DM candidates . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.7 Dark matter and Solar System . . . . . . . . . . . . . . . . . . . 43

2.7.1 Upper limits in Solar System . . . . . . . . . . . . . . . . 44

III



2.7.2 The frontier: PAMELA and ATIC experiments . . . . . . 45

3 Potential theory of gravitational fields 49
3.1 General results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.2 Spherical systems . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.2.1 Newton’s theorems . . . . . . . . . . . . . . . . . . . . . . 50
3.2.2 Gravitational potential of some simple systems . . . . . . 51

3.3 Ellipsoidal systems . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.3.1 Axisymmetric systems . . . . . . . . . . . . . . . . . . . . 53
3.3.2 Applications to spheroidal systems . . . . . . . . . . . . . 57

3.4 Multipole expansion . . . . . . . . . . . . . . . . . . . . . . . . . 61

4 First integrals of motion and perturbation theory 65
4.1 LISA first integrals of motion . . . . . . . . . . . . . . . . . . . . 65

4.1.1 Noether’s theorem . . . . . . . . . . . . . . . . . . . . . . 65
4.1.2 An application: the n-Dimensional Oscillator . . . . . . . 68

4.2 First integrals of motion and orbital para- meters . . . . . . . . . 70
4.2.1 Hamilton-Jacobi equation . . . . . . . . . . . . . . . . . . 71
4.2.2 Action-angle variables . . . . . . . . . . . . . . . . . . . . 73

4.3 The LISA Kepler problem in action-angle variables . . . . . . . . 75
4.4 Perturbation theory in celestial mechanics . . . . . . . . . . . . . 79

4.4.1 The need for a perturbation theory . . . . . . . . . . . . . 79
4.4.2 Introduction to perturbation theory formalism . . . . . . 80
4.4.3 Lagrange planetary equations . . . . . . . . . . . . . . . . 81
4.4.4 Gauss equations . . . . . . . . . . . . . . . . . . . . . . . 85

5 Analysis of the perturbative effects of interplanetary dust on
LISA constellation 89
5.1 Modus operandi . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.1.1 Construction of Gauss comoving frames . . . . . . . . . . 89
5.1.2 Calculus of the perturbations . . . . . . . . . . . . . . . . 90
5.1.3 Integration of Gauss equations . . . . . . . . . . . . . . . 91
5.1.4 Perturbed orbits . . . . . . . . . . . . . . . . . . . . . . . 91

5.2 Results for LISA . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.2.1 Homogeneous spherical distribution . . . . . . . . . . . . 92
5.2.2 Spherical distribution with power law density profile . . . 94
5.2.3 Homogeneous oblate ellipsoidal distribution . . . . . . . . 96
5.2.4 Ellipsoidal distribution with power law density profile . . 98
5.2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

Conclusions 103

Appendix 105

Bibliography 107

Acknowledgments 111

IV



Introduction

To the best of our knowledge, natural phenomena are governed by four different
fundamental interactions: electromagnetic, strong and weak nuclear forces, that
quantum field theory has unified in the Standard Model of particle physics, and
gravitational attraction, still lacking in its quantum description. Gravitation
has been known to humankind since long time, however, a conclusive theory for
it, satisfactory at all energy and time scales, is elusive. Till the beginning of
20th century, the best interpretation of gravitational phenomena was the famous
Newton’s inverse square law, which passed many experimental tests except for
certain discrepancies as, for instance, the precession of Mercury’s perihelion.

The great revolution in this field of physics came with the theory of general
relativity, which provides the most accurate description we have for the physical
phenomena involving gravitational interactions. It is based on the equivalence
principle which states, using Einstein’s words, “... the complete physical equiv-
alence of a gravitational field and a corresponding acceleration of the reference
system” [44]. Therefore, we have that a free-falling system is (locally) equivalent
to an inertial one so that, for instance, measures obtained in a spacecraft revolv-
ing around Jupiter would be identical if taken in a laboratory orbiting the Earth,
even if velocities and accelerations of the two frames are different. In addition,
physical quantities, that are locally measured in two free-falling frames which
pass through the same point but with different velocities, transform according
to Lorentz transformations, just like in special relativity.

General relativity asserts that the geometry of the four-dimensional space-
time is directly linked to the energy-momentum tensor of the physical system, as
stated by Einstein equations. Once the metric tensor, solution of Einstein equa-
tions, has been calculated, we have the possibility to determine the geodesics,
i.e., the trajectories followed in the space-time by test masses.

General relativity predicts also that if we write the geometry of the spacetime
as a linearized perturbation to the flat Minkowski metric, we get perturbations
of spacetime propagating at the speed of light and obeying the wave equation:
physicists call these perturbations gravitational waves (GWs); their existence
is necessary to avoid the instantaneous propagation of gravitational field vari-
ations [14]. Unfortunately, due to the small value of the gravitational coupling
constant, GWs are still waiting for a direct detection. The only indirect proof of
their existence is the PSR 1913+16 binary pulsar, discovered in 1974: its orbit
decay has been explained via the conversion of the time-dependent gravitational
potential in gravitational radiation [42].

LISA (Laser Interferometer Space Antenna) is an ESA-NASA space mission
which should be launched at the end of the next decade. It consists of three
identical free-falling satellites orbiting the Sun at the distance of 1 astronomical
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unit (AU) and disposed on the vertices of an equilateral triangle with sides that
are 5 · 106 km long (≈ 1/30 AU). The mission target is a precise measure of
their relative motions. LISA operates as a giant Michelson interferometer: in
fact, laser rays will be continuously sent back and forth from each LISA mass,
in order to infer the relative distances between the satellites; the passage of a
GW stretching the space-time that hosts LISA should be detected because it
perturbs the geodesics of the constellation [33].

LISA will be sensitive at frequencies between 0.1 and 100 mHz. In order to
detect GWs correctly, we must get rid of the non-radiative gravitational fields,
either static or time-dependent, that act on LISA constellation and whose ef-
fects are responsible for the effective satellites orbits, even if they would induce
frequencies that are outside the LISA sensibility band. To this aim, we must
consider all the bodies of the Solar System, as Sun, planets, asteroids, inter-
planetary dust, etc. In fact, we can estimate the non-radiative gravitational
near field only once we have constructed a model reproducing the “newtonian
disturbances” to the keplerian orbits of LISA masses; this is a fundamental con-
dition for isolating the perturbation of spacetime induced by the gravitational
radiation from all the other gravitational effects.

This thesis will focus on the contributions to the near gravitational field
due to interplanetary dust (ID). ID is composed by grains permeating the Solar
System whose dimensions are of the order of micron. Their distribution has
not been completely determined yet, but, thanks to observations of the zodiacal
light, we know that it possesses certain symmetries, i.e., rotation symmetry
about the z axis of a frame centered in the Sun and with x and y axes in the
ecliptic plane and reflection with respect to the ecliptic plane, and thus the
distribution depends on the radial distance from the Sun and on the angle from
the ecliptic plane [20].

Since components like ID are sources of very weak potentials, they are usually
neglected for calculations of orbits in celestial mechanics. However, thanks to
the very high sensitivity LISA is projected to reach1, their effects are detectable
and cannot therefore be disregarded.

We will study different models approximating the real (and partially un-
known) distribution of ID and the evolutions they induce on the orbital param-
eters of the satellites, in order to estimate the effects caused by ID on the initial
formation of the constellation.

Modeling the distribution of ID and its gravitational effects is of paramount
importance for the study of the influence of another possible gravitating com-
ponent of the Solar System as local dark matter (LDM), which is likely to
behave on LISA orbits similar to ID. DM has been introduced to explain some
discrepancies between the expected motion of the components of galaxies and
observations. In fact, it has been noted that stars and gas clouds are rotating
at a speed that is higher than the velocity needed to balance the gravitational
potential due to the galaxy mass, estimated by its electromagnetic emission: we
have a problem with some “missing light”, which may be solved by introducing
a new kind of matter that does not emit photons (i.e., dark), but interacts with
stars only gravitationally [6].

As for GW, a direct detection of DM is still missing. However, if we suppose

1It will be possible to detect variations of mutual distances of the order of picometer on a
scale of 106 km!
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it behaves gravitationally as the interplanetary dust, we may use LISA sensitiv-
ity to detect deviations of the three satellites from the expected orbits, which
may be ascribed to DM tidial effects, and that might provide useful informations
about distribution and local density of DM.

DM is not the only explanation that has been proposed to solve the problem
of galaxy rotation curves; a suggestive hypothesis is the MOND2 theory, which
proposes a modification of the newtonian laws of dynamics: if this theory is
correct, for small space scales, the gravitational field would be well approxi-
mated by newtonian mechanics, which would fail for larger scales, such as the
dimensions of galaxies [40]. Thanks to its great sensitivity, LISA might test the
validity of MOND theory and provide interesting upper limits to the density of
LDM

The plan of thesis will be as follows: in chapter 1, we will treat LISA mis-
sion and its theoretical framework, i.e., general relativity; in chapter 2, we
will concentrate on interplanetary dust, the physical processes it undergoes and
its distribution models in Solar System, and on dark matter and its possible
candidates; chapter 3 will be dedicated to the calculation of the gravitational
potentials induced by the different distributions of matter we are interested in;
in chapter 4 we will turn on perturbation theory and its applications in celestial
mechanics and, in particular, we will present the Lagrange and Gauss planetary
equations, that are useful tools for the study of gravitational perturbative effects
on keplerian orbits; in chapter 5, Gauss equations for the different distributions
of interplanetary dust will be numerically integrated and the perturbed orbits
of LISA will therefore be obtained.

2MOND stands for Modified Newtonian Dynamics.
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Chapter 1

LISA mission

This chapter is dedicated to a brief description of LISA (Laser Interferometer
Space Antenna) mission, which consists of three identical drag-free satellites
orbiting the Sun and disposed in an equilateral triangular shape. LISA main
target is the detection of gravitational waves (GWs) by the measure of relative
distances between the satellites. However, before we expose LISA mission, we
focus on its theoretical framework, i.e., general relativity, and on one of its
predictions, gravitational radiation.

1.1 General relativity and gravitational waves

In Einstein’s 1915 theory of general relativity, the geometry of spacetime is not
a passive setting for the dynamics of matter and energy, but an equally dynamic
player. Matter and energy cause spacetime curvature, which in its turn guides
the free fall of matter and energy. Remarkably, spacetime can support curvature
without any matter: black holes, the densest masses in the universe, are objects
of pure spacetime wrapped around itself.

GWs are self-sustaining, ondulatory excitations of spacetime, carrying en-
ergy and travelling at the speed of light. Unlike electromagnetic radiation (and
much like neutrinos), GWs interact very weakly with matter, and can penetrate
anything without losing intensity. This makes them powerful probes of faraway
regions and extreme conditions, but it also makes them very hard to detect.
Only recently technology has advanced to the point of building apparatus sen-
sitive enough to measure GWs effects on matter [32].

1.1.1 The principle of equivalence

The single most important step in the development of general relativity from
special relativity is a change in the application of the idea of inertial observers
(in following subsections we follow the approach in Ref. [14]). As was already
known to Galileo, a gravitational field accelerates all bodies in the same way,
independently of their mass and internal constitution. A simple Newtonian
argument clarifies this. The property of a body whereby it resists any attempt
to change its state of motion is its inertial mass mi. This enters the Newtonian
equation of motion
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~F = mi ~w (1.1)

where ~F is the total force acting on a body and ~w is the acceleration. On the
other hand, the property which determines a body response to a gravitational
field is the gravitational mass mg, which enters the law for the gravitational
force ~Fg acting on the body:

~Fg = mg~g, (1.2)

where ~g is the local gravitational field intensity, generated according to the
inverse square law by another gravitational body. The constancy of ~w implies,
from Eq. (1.1) and Eq. (1.2), that

mi

mg
= k,

a constant independent of the body. By choosing the units of ~g suitably we can
arrange that k = 1, leading to ~w = ~g, independently of the body mass.

Gravitational field is not the only case in nature where an acceleration is
independent of the nature of the body involved: the same happens with inertial
forces, i.e., forces that are measured also by inertial observers. In the case of
uniform acceleration, for instance, the form of the inertial forces can be derived
immediately from Newton laws of motion. In fact, consider ~F , a “real force”
acting on a body, ~r, its position vector in an inertial frame and ~r

′
, its position

in a uniformly accelerating frame: the two frames are therefore related by

~r
′
= ~r − 1

2
~wt2 (1.3)

and so, while Newton law of motion in the inertial frame reads

m~̈r = ~F , (1.4)

we have

m~̈r
′
= ~F −m~w (1.5)

when we transform to the accelerating frame by substituting for ~r in terms of
~r

′
. Thus in the accelerating frame every object is subjected to a “fictitious

force” that is proportional to its mass (just as the gravitational force was pro-
portional to the mass) in addition to any “real” force acting on it. A calculation
would yield the same result in the case of the fictitious force due to a rotational
acceleration (the combined Coriolis and centrifugal force). This proportionality
to the mass, which arises automatically simply because we have created the
force by transferring a term from the m~̈r of Newton equation from one side of
the equation to the other, is a distinctive feature of the fictitious forces, distin-
guishing them from, say, the electrostatic force which depends on charge rather
than mass.

The similarity between the gravitational force and fictitious forces makes it
possible to annul the effect of the gravitational force by transforming to a coor-
dinate system that is accelerating with precisely the gravitational acceleration.
This is termed a freely falling coordinate system or frame. An example is the
coordinate system defined by observers in a satellite in orbit, in free-fall under
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gravity, where objects float freely with no gravitational effects1. So the question
naturally arises, whether gravity itself is a fictitious force.

For the fictitious forces of acceleration and rotation it is possible to trans-
form back to the original inertial frame in which the fictitious force is annulled
everywhere. This is not the case with the gravitational force because the direc-
tion of the gravitational acceleration varies from place to place. So we could
only regard gravity as a fictitious force if we were prepared to localize the idea
of a coordinate system. We can try to annul gravity, not everywhere but only
sufficiently close to some particular freely falling observer. How close depends
on the accuracy of our measurements.

However, to implement even this restricted idea of reducing gravity to a
fictitious force, it is essential that the effect of gravity is precisely equivalent to
the effect of an acceleration, so that by passing to a (local) freely falling frame,
gravity can be cancelled exactly. The assertion that this is indeed the case is
called the principle of equivalence.

1.1.2 Principle of least action in general relativity

In general relativity the principle of least action is widely used. This method is
very convenient (when applicable), for it allows a natural relation between con-
servation laws and symmetry properties. In our case the symmetry requirement
is the general covariance. Let a collection of fields be specified by a density of
Lagrangian Lf which depends not only on the field variables but also on the
metric coefficients gij . The lagrangian must be a scalar to ensure a descrip-
tion of the field independently of any coordinate system we use; we call action
the integral of the density of Lagrangian over an open set Ω of the space-time
manifold, with compact closure:

Sf (Ω) =
∫

Ω

LfdΩ (1.6)

where dΩ =
√
−gd4x =

√
−det(gij)d4x is the invariant volume element. The

field, or a collection of fields, is assumed to be in equilibrium with the back-
ground geometry; in searching for this condition, the field and the geometry,
should be considered together as one system in which the dynamical properties
of the geometry are also described by a density of Lagrangian Lg. We define
the total action:

S(Ω) = Sg(Ω) + Sf (Ω) =
∫

Ω

(Lg + Lf ) dΩ. (1.7)

Here, the metric is considered as a dynamical field, thus the equation which
establishes the equilibrium between the geometry and external field is obtained
by imposing the condition of stationarity of S under an arbitrary variation of
the metric with support in Ω:

δgS = 0.

The variation of the individual actions, Sf and Sg, under δg provides ten-
sorial expressions which covariantly characterize the respective fields and also
allow for conservation equations.

1This is the situation that characterizes LISA proof masses.
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1.1.3 Einstein equations

Since the space-time geometry responds to an external field by developing cur-
vature, according to the amount of energy density stored in the field, it will
have dynamic equations of its own. A suitable action would be a scalar func-
tion, depending only on gij and their derivatives; in this case gij are the only
dynamical variables of the system.

The aim is to obtain equations which, in the non-relativistic limit, provide
the Newtonian equation of gravity; this is a non-linear second-order partial
differential equation in the newtonian potential, hence a minimal requirement is
that the general relativistic gravitational equations should also be of the same
degree and linear in the second partial derivatives of the metric coefficients which
play the role of potentials. This is ensured by the action being the integral of a
density of Lagrangian Lg which is a function of gij , ∂kgij , ∂k∂lgij and of their
combination, the Christoffel symbols Γm

ik:

Γm
ik =

1
2
gmj (∂kgig + ∂igjk − ∂jgik) .

Lg is such that terms like ∂Lg/∂gij,k, do not contain ∂k∂lgij . The simplest
action which satisfies all these requirements was found by Hilbert to be:

Sg = − c4

16πG

∫
R
√
−gd4x, (1.8)

where the factor in front of the integral is needed to match correctly the New-
tonian limit and R is the scalar curvature, i.e., the trace of Ricci tensor Rij :

R = gijRij = gij
(
∂aΓa

ij − ∂jΓa
ia + Γb

ijΓ
a
ba − Γb

iaΓa
bj

)
.

The variation of Sg now reads

δgSg = − c4

16πG

∫
d4x

[
Rij

√
−gδgij + gijδRij

√
−g − 1

2
gijRijgkmδg

km√−g
]
.

(1.9)
Performing calculations, Eq. (1.9) becomes:

δgS =
∫ [

− c4

16πG

(
Rij −

1
2
gijR

)
+

1
2
Tij

]
δgijdΩ = 0, (1.10)

where Tij is the energy-impulse tensor; the arbitrariness of δgij yields the Ein-
stein equations:

Rij −
1
2
gijR =

8πG
c4

Tij = kTij . (1.11)

Einstein field equations are ten, coupled, second order, partial, non-linear
differential equations in the metric coefficients. The interaction between the
matter-energy fields and the space-time geometry occurs with no explicit spec-
ification of the field properties but only through the energy-momentum tensor;
therefore the background geometry would not distinguish between physically dif-
ferent fields provided they have the same energy-momentum distribution. This
can be regarded as the general relativistic version of the equivalence between
the inertial and the gravitational masses.
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A convenient way to write Einstein equations is to take the trace of Eq.
(1.11):

R− 2R = kT = −R

and inserting this back into Eq. (1.11) we get

Rij = k

(
Tij −

1
2
gijT

)
;

in this form, one recognizes that the Ricci tensor is contributed to by the local
distribution of matter-energy. When this is absent, namely in the vacuum, the
Einstein equations read:

Rij = 0.

This equation not only provides solutions which describe the geometry of
space-time outside a given matter-energy distribution, but also gives solutions
which differ from the trivial Minkowski solution even where there is no matter-
energy distribution at all. These solutions are somehow implied by the non-
linearity of the gravitational interaction, according to which curvature (i.e. grav-
ity), being itself endowed with energy and momentum, generates more curvature
itself; these solutions therefore describe self-sustaining gravitational fields.

1.1.4 Mathematical origin of gravitational waves

In 1916 Einstein studied the weak-field solutions of the field equations in a region
of space sufficiently far from the sources, when Tij = 0, a condition that yields

Rij = 0.

Under the assumption that sources do not modify space-time significantly and
that velocities are not relativistic, metric tensor gij can be linearized as follows:

gij ≈ ηij + hij , (1.12)

where ηij is the Minkowsi metric tensor and hij are functions of the coordinates,
with |hij | << 1. Performing calculations, we find

Rijkl = ∂l∂[ihj]k − ∂k∂[ihj]l

Rik = 1
2

[
−2hik + ∂i∂lΨl

k + ∂k∂lΨl
i

]
,

R = −2h+ ∂k∂lh
kl

(1.13)

where Rijkl is the Riemann tensor,

Rijkl =
1
2

(
∂2gil

∂xj∂xk
+

∂2gjk

∂xi∂xl
− ∂2gik

∂xjxl
− ∂2gjl

∂xi∂xk

)
,

while 2 = ηij∂i∂j is the D’Alambertian wave operator, h = ηijhij and Ψij =
hij − 1

2hη
ij .

Under an infinitesimal coordinate transformation of the type
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(x′)i = xi + ξi,

where |ξi| and |∂kξ
i| are at most of the order of hij , the quantities Ψij transform

as follows:

(Ψ′)ij = Ψij − ηik∂kξ
j − ηjk∂kξ

i + ηij∂kξ
k +O(h2

rs)

and hence their divergence transforms, to the same accuracy, as

∂j′ (Ψ′)ij = ∂jΨij −2ξi. (1.14)

We can then specialize the four functions ξi to be solutions of the non-homogeneous
wave equation 2ξi = ∂jΨij so that

∂j′ (Ψ′)ij = 0. (1.15)

Working in this gauge (termed Lorentz gauge) and dropping primes, we have
that

Rij = 0 =⇒ 2hij = 0. (1.16)

This is a wave equation showing that small metric perturbations propagate at
the velocity of light. These perturbations of the space-time are called gravita-
tional waves and are LISA main target. A solution, for a plane wave propagating
along z axis with frequency ω and wave vector ~k = (0, 0, k), is

hij = h+e
(+)
ij ei(ωt−kz) + h×e

(×)
ij ei(ωt−kz), (1.17)

where

e
(+)
ij =


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0


and

e
(×)
ij =


0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0


are the two polarization tensors of GWs, while h+ and h× are the two ampli-
tudes.

1.1.5 Equation of geodesic deviation

In euclidean geometry, the rectilinear segment is defined as the shortest line
joining two points. This concept was extended to more complex metric spaces
and provided the definition of geodetic line.

Geodesics can be thought as “stationary” lines joining two points of space-
time, i.e., any small deviation of a curve from the geodesics produces, at first
order, no variation in its length.
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Let C a generic curve in space-time, with parametric representation xi =
xi(λ) and P1, P2 as extreme points. The integral

S =
∫ s2

s1

ds =
∫ λ2

λ1

(
εgij

dxi

dλ

dxj

dλ

)1/2

dλ (1.18)

depends on C and provides its finite measure; ε = ±1 if dxi is space- or time-like
respectively and ds represents the line element.

The geodesic is therefore the line that makes integral in Eq. (1.18) stationary
under all the deviations that mantain P1 and P2 fixed: it can thus be obtained
by an application of the variational principle:

δ

∫ λ2

λ1

ds = 0; δxi(τ1) = δxi(τ2) = 0.

If we perform calculations, we find that the parametric equation for the geodesics
is

d2xi

dλ2
+ Γi

ks

dxk

dλ

dxs

dλ
= 0. (1.19)

Geodesics are fundamental tools in general relativity because it can be shown
that they are the trajectories that free-falling bodies follow in space-time.

A method to measure the presence of curvature of spacetime consists in
studying the relative motion of two close free-falling particles placed at points
P(xi) and Q(xi + ξi). We assume that both the relative displacement ξi and
relative velocities are very small, and write the corresponding equations of the
geodesic motion as:

d2xi

dτ2
P

+ Γi
jk(P ) dxj

dτP

dxk

dτP
= 0

d2(xi+ξi)
dτ2

Q
+ Γi

jk(Q)
d(xj+ξj)

dτQ

d(xk+ξk)
dτQ

= 0
(1.20)

where the parameter we used, τ , is the proper time of the two masses. We write
now ξi = ξi

0 + ξi
1(τ), with ξi

0 constant and ξi
1(τ) small with respect to ξi

0 and
subtract the two equations with τ = τP ≈ τQ. If we maintain only terms up to
first order in ξi, we obtain the equation of the geodesics deviation

ξ̈i
1(τ) = −ξk

0R
i
jkru

jur, (1.21)

which states that two free-falling particles show a relative accelerated motion
that reveals the presence of the gravitational field. The effect is not detectable
when the distance between the two particles is smaller than the characteristic
scales of the field and is null when ξk = 0; in lack of gravity, ξ̈i

1(τ) = 0, i.e.,
relative motion is rectilinear.

Additionally, this relation provides the tidial forces between masses from a
new point of view: in newtonian mechanics, tidial forces are due to variations
of “real” forces, while in general relativity they are caused by the different
geodesics followed. In next sections it will be clear that the geodesic deviation
equation is the relativistic relation that describes the relative motions of LISA
free-falling masses [37].
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1.2 LISA mission overview

LISA is a five years lifetime space mission designed to measure gravitational ra-
diation over a broad band at low frequencies, from about 0.1 to 100 mHz, a band
where the Universe should be richly populated in strong sources of gravitational
waves. LISA will measure signals from a wide range of different sources: mas-
sive black holes merging in galaxies at cosmological distances, massive black
holes capturing smaller compact objects, known binary compact stars, mem-
bers of known populations of more distant binaries and probably other sources,
possibly including GW relics of the early Universe, which are as yet unknown
[32].

1.2.1 LISA constellation

The LISA mission uses three identical spacecrafts whose positions mark the
vertices of an equilateral triangle 5 · 106 km on a side, orbiting the Sun. LISA
can be thought of as a giant Michelson interferometer in space, with a third
arm that provides independent information of the two gravitational wave (GW)
polarizations, as well as redundancy.

The spacecraft separation - the interferometer arm length - sets the range
of GW frequencies LISA can observe (from about 0.1 mHz to above 0.1 Hz).
This range was chosen to reveal some of the most interesting sources: mergers
of massive black holes, ultra-compact binaries, and the inspirals of stellar-mass
black holes into massive black holes.

The center of the LISA triangle traces an orbit in the ecliptic plane, 1 AU
from the Sun and 20◦ behind Earth and the plane of the triangle is inclined at
60◦ to the ecliptic, as shown in Fig. (1.1). The natural free-fall orbits of the
three spacecrafts around the Sun maintains the triangular formation throughout
the year, with the triangle appearing to rotate about its center once per year
(Fig. (1.2)).

Figure 1.1: LISA and the Solar System.

The actual implementation used for LISA is similar to the spacecraft Doppler
tracking, but realized with infrared laser light instead of radio waves. The laser
light going out from one spacecraft to the other corners is not reflected back
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directly, because diffraction losses over such long distances would be too great.
Instead, the laser on the distant spacecraft is phase-locked to the incoming
light and transmitted back at full intensity. When the transponded laser light
arrives back at the original spacecraft, it is superposed with a portion of the
original laser beam, which serves as the local oscillator in a standard heterodyne
detection scheme. This relative phase measurement gives information about the
length of that interferometer arm, modulo an integer number of wavelengths of
the laser light.

Figure 1.2: Keplerian orbits around the Sun for LISA masses.

The difference between the phase measurements in the two arms gives infor-
mation about changes in their relative distance, i.e., the GW signal.

Each spacecraft contains a pair of optical assemblies oriented at roughly 60◦

to each other. Each assembly is pointing toward a similar one on the correspond-
ing distant spacecraft, to form a (non - orthogonal) Michelson interferometer.
Through a 40 cm aperture telescope on each assembly, a laser beam from a 1.064
µm Nd:YAG master laser and 1 W Yb - doped fiber amplifier is transmitted
to the corresponding remote spacecraft. The same telescope is used to collect
the very weak incoming beam (around 100 pW) from the distant spacecraft,
and direct it to a sensitive photodetector, where it is combined with a local -
oscillator beam derived from the original local laser light.

At the heart of each assembly is a vacuum enclosure containing a free -
flying polished platinum - gold cube, 4 cm in size - the proof mass that serves
as an inertial reference for the optical assembly. A passing GW will produce a
relative strain in this large optical truss, causing an increase in the optical path
length between the proof masses forming one arm while causing a decrease for
the other arm.

These length changes are measured interferometrically with sub-Angstrom
precision. In this way, LISA will be sensitive enough to detect GW induced
strains of amplitude h = ∆L/L ≈ 10−23 in one year of observation. The space-
craft surrounding each pair of optical assemblies serves primarily to shield the
proof masses from the adverse effects of solar radiation pressure fluctuations; the
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spacecraft positions do not enter directly into the measurements. Nevertheless,
in order to minimize disturbances to the proof masses from fluctuating forces in
their vicinities, each spacecraft must be kept moderately centered around the
proof masses (to about 10 nm/

√
Hz in the measurement band). This is achieved

by a drag free control system based on small electric thrusters and displacement
sensors. Specifically, both capacitive and optical sensors are used to measure
the displacements and rotations of the proof masses relative to the spacecraft.
These offset signals are then fed back to control micro-Newton thrusters, which
force the spacecraft to follow its proof mass [32].

1.2.2 LISA scientific mission

LISA science is expected to shed some light in various fields of physics. For
instance, in the astrophysics of black holes, LISA will address such questions as
how and when did the massive black holes in galactic nuclei form, if they grow
mostly by disk gas accretion or by frequent mergers of smaller black holes in
the young galaxies of the high-redshift Universe, if black holes in galactic nuclei
are spinning and what determines their spin.

Additionally, LISA will also test the validity of general relativity in strong
field regime of gravitation; this will involve the study of waves from the mergers
of massive black holes and from the inspirals of smaller compact objects into
black holes, the so called Extreme-Mass-Ratio Inspirals, EMRIs: they are com-
pact stellar-mass objects (white dwarfs, neutron stars or black holes) spiraling
into massive black holes. At any time, the trajectory of the compact object is
nearly a geodesic of the massive black hole space-time, but GW emission causes
energy and angular momentum losses and, therefore, the inspiral of the com-
pact object. As long as LISA traces the inspiral phase, we get a map of the
space-time around the massive black hole.

LISA will also focus on the astrophysics of close binary systems, involving
compact objects such as white dwarfs and neutron stars, orbiting each other with
periods from a few seconds to a few hours. LISA is expected to see thousands
of individual sources of this type, enough to inform us about the demographies
of these objects in our Galaxy, including overall numbers and types and prop-
erties such as their angular momentum, chirp-mass distribution, and the scale
height of the population of unresolved galactic white dwarfs binaries. LISA
will help answer such questions as how does the tidial interaction in close white
dwarfs binaries work, and how does it influence the evolution and stability of
mass transfer, what is the outcome of a common-envelope phase, and what are
the ramifications for our current theories of the formation of compact binaries
and of related high-energy phenomena such as gamma-ray bursts, supernovae,
binary pulsars and micro-quasars and how does mass transfer affect the binary
dynamics, especially the inspiral-outspiral rates.

Another important field of application for LISA is the measure of distances
on cosmological scales; in this area LISA will, for instance, determine the dis-
tance to black hole binaries very precisely from their observed waveforms (hence
the nickname “standard sirens” by analogy with astronomy’s “standard can-
dles”). LISA can only locate them in the sky to about one degree - a field
containing ≈ 105 galaxies; however, astronomers may be able to identify the
galaxies producing the LISA signal and measure its redshift. The combined
information would provide an unprecedent way to measure the scale of the Uni-
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verse. With multiple sources, we would be able to calibrate the Hubble diagram
over a wide range of redshifts (z ≈ 1 to 15), constrain additional cosmological
parameters such as the curvature of the universe and obtain precise information
about the properties of dark energy.

1.2.3 Satellites drag-free

To accomplish its science objectives, the LISA mission depends on three core
technologies: gravitational reference sensors, micronewton thrusters and laser
interferometry. These technologies will help to conteract the mission biggest
challenge-disturbances that mask gravitational waves. Because LISA detects
gravitational waves by measuring the change in distance between freely-floating
test masses, sources of both external and internal disturbance need to be elim-
inated or damped down to extremely low levels, much lower than is needed by
other missions. By minimizing such disturbances, motions that would imitate
or mask the effect of gravitational waves are less likely to occur.

Examples of external disturbances are the pressure from the light of the Sun
and its very small variations, the variable solar magnetic field and deformations
of the LISA constellation by the gravitational effects of the Earth and Moon.
To prevent solar disturbances, the spacecraft structure will act as a shield to
protect the test masses. In addition, the LISA orbit, 20◦ behind Earth’s orbit
of the Sun, will minimize the effects of the Earth’s gravity.

Examples of internal disturbances are the interaction of the electrical field
generated by the spacecraft computer acting on the test masses, effects from
residual gas pressure near the test masses and thermal radiation by the elec-
trodes used to measure the spacecraft position. In order to minimize the effect of
internal disturbances, the spacecraft must be controlled to follow the test masses
with an accuracy of 10 nm. This spacecraft position-control operation, called
drag free, is similar to the operation of low-Earth-orbiting satellites that need
to correct for the force due to the friction, or drag, of the Earth atmosphere.

To keep the test masses floating freely in space, the distance between the test
masses and the surrounding spacecraft is constantly monitored by LISA gravi-
tational reference sensor. If the distance shifts, microthrusters fire to move the
spacecraft back into position, away from undisturbed test masses. Addition-
ally, other specific design measures will counteract the possible disturbances.
By minimizing external and internal disturbances, LISA will be able to detect
passing gravitational waves in low-frequency bands not previously possible [31].

1.2.4 LISA sensitivity

The sensitivity of LISA is determined by a wide variety of noise sources, and
by the degree to which their effects can be kept small. There are two main
categories of such sensitivity-limiting noise sources:

• optical-path noise, i.e., fake fluctuations in the lengths of the optical paths.
This category of disturbances includes different types of noise, such as shot
noise and beam pointing instabilities. These contributions will, in general,
be uncorrelated;

• acceleration noise, i.e., forces acting on the proof masses. The drag-free
environment will effectively shield the proof masses from outside influ-
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ences, but some residual acceleration will remain. These accelerations will
lead to displacement errors of the proof masses, and, for each pass, these
errors have to be counted twice to arrive at the (real) fluctuation in optical
path difference.

Considering these types of noise and the frequency dependence of the interfer-
ometer response, we get the typical sensitivity curve shown in Fig. (1.3). In
the low-frequency range, say below 2 mHz, the noise, and thus the sensitivity, is
determined by the acceleration noise, leading to a decrease in sensitivity toward
lower frequencies roughly proportional to f−2 for 10−5 Hz < f < 10−4 Hz.

Above about 2 mHz, the noise is dominated mainly by the shot noise,
whereby the decline of the antenna transfer function above 10 mHz causes a
decrease in sensitivity roughly proportional to the frequency [33].

Figure 1.3: LISA sensitivity curve as a function of frequency; h, the “dimension-
less amplitude”, is defined as twice the relative change δL of a given distance
L, h = 2δL/L

In order to attain the requisite sensitivity for LISA, the laser frequency
noise must be suppressed below the secondary noises such as the optical path
noise and acceleration noise. By combining six appropriately time-delayed data
streams containing fractional Doppler shifts - a technique called time delay
interferometry (TDI) - the laser frequency noise may be adequately suppressed
[15].

1.3 Unperturbed orbits of LISA masses

In order to operate LISA successfully, it is crucial that the three spacecrafts,
which form the hubs of the laser interferometer in space, maintain nearly con-
stant relative distances. In this paragraph we will firstly study three Keplerian
orbits around the Sun with small eccentricities and adjust the orbital param-
eters so that the spacecrafts form an equilateral triangle with nearly constant
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distances between them. Then we find that the distances between spacecrafts
are exactly constant to first order in the parameter α = l/2a, where l ≈ 5 · 106

km is the distance between two spacecrafts and a = 1 AU; we will also show
that such formations are possible with any number of spacecrafts provided they
lie in a plane making an angle of 60◦ with the ecliptic.

1.3.1 Choice of orbits

The choice of orbits is not unique and many are possible, in order to satisfy
different criteria of optimality such as distances between spacecraft vary as little
as possible (our case), or RMS as low as possible etc.

In the Solar System Barycentric frame (SSB), the keplerian orbit of the k-th
LISA satellite (k = 1, 2, 3) reads



xk(t) = ak [(cos Ωk cosωk − sinΩk sinωk cos ik) (cosψk(t)− ek)]
+ak

[
(− cos Ωk sinωk − sinΩk cosωk cos ik)

√
1− e2k sinψk(t)

]
yk(t) = ak [(cos Ωk cosωk + cos Ωk sinωk cos ik) (cosψk(t)− ek)]
+ak

[
(− sinΩk sinωk + cos Ωk cosωk cos ik)

√
1− e2k sinψk(t)

]
zk(t) = ak

[
sinωk sin ik (cosψk(t)− ek) + cosωk sin ik

√
1− e2k sinψk(t)

]
(1.22)

where a is the semi-major axis of the keplerian orbit, e is the eccentricity, i is the
inclination of the orbit with respect to the ecliptic plane, ω is the argument of
periapsis, Ω is the longitude of ascending node and ψ(t) is the eccentric anomaly
that, for an elliptical motion of period P , is related to the mean anomalyM(t) =
2π
P t+M0 by mean of the Kepler equation

ψ(t)− e sinψ(t) = M(t). (1.23)

Figure 1.4: Orbital parameters for elliptical orbits

17



The initial conditions we have chosen are

ak = 1 AU

ek =
(
1 + 2√

3
α+ 4

3α
2
)1/2

− 1

tan ik = α
1+α/

√
3

ωk = π
2

Ωk = 2
3π(k − 1)− π

2

Mk(t) = 2πt− 2
3π(k − 1)− π

(1.24)

With these orbits, the inter-spacecraft distance between the ith and jth
satellites, ∆Li,j , varies up to about 105 km; however, what is relevant here is
not the distance between a pair of satellites and the way it varies with time,
but the temporal behavior of the differential motions between arm lengths,
δLi,j,s = ∆Li,j −∆Lj,s, see Fig. (1.5).
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Figure 1.5: Plot (a) represents the variation of ∆L1,2 and Plot (b) δL1,2,3. For
the other combinations of LISA masses, plots show similar behaviors.

By looking at the Fourier spectra of the signal of δLi,j,s in the frequency
domain, we can determine the harmonics that characterize the periodic motions
of the satellites, as clearly evident from Fig. (1.6).

The two spectra were obtained by windowing with a top-hat and Blackman
function [38]; at the price of broadening peaks, Blackman function allows to
distinguish harmonics otherwise invisible, because of spectral leakage, if a top-
hat function were used. Let us look at the spectrum. It seems there are only
four peaks, corresponding to 1, 2, 4 and 5 y−1 harmonics but, when windowing
data with a Blackman function, we discover that we have additional frequencies
like, for instance, 7 y−1.

What we note is the absence of overtones at 3, 6, 9 . . . y−1, a fact due to a
group of symmetry that characterizes the orbits of the constellation, the group
of the cyclical permutations of three objects P3 (see appendix A).
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Figure 1.6: Plot (a) shows the spectrum of δL1,2,3 windowed with top-hat func-
tion, Plot (b) if windowed with Blackman function. For the other combinations
of LISA masses, plots show similar behaviors.

1.3.2 Kepler equation and its solutions

Despite its seemingly simple form, the Kepler equation

ψ − e sinψ = M

has intrigued mathematicians for long time and its approximate solutions are
still being investigated. In the search for a solution, there are two main ap-
proaches: i) analytical, which, by exploiting the properties of the sine functions,
allows for series expansions, and ii) numerical, which, through the several meth-
ods of solution of nonlinear equations, provides approximations with different
degrees of convergence and accuracy.

We turn to the classical methods based on series expansions. For close
orbits, to obtain an expression of the function ψ we can choose between two
possibilities:

1. expanding, for any fixed positive value of the eccentricity (e < 1), the
deviation of the eccentric anomaly from the mean anomaly in a Fourier
series in the variable M , with coefficients depending on the fixed value of
e;

2. writing the solution ψ of the equation, for any fixed value of the mean
anomaly, as a Taylor series of power of the variable e, with coefficients
depending on the fixed value of M .

In case (1), if we consider that the function e sinψ = ψ (M) −M = F (M) is
periodic with period 2π in M , odd, tends to zero for l → 0 and l → π, and has
a continuous derivative, we can expand it in a sine series

F (M) = ψ(M)−M =
∞∑

i=1

Bi sin (iM) , (1.25)

with

Bi =
1
π

∫ 2π

0

F (M) sin (iM) dM.
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It is fairly straightforward to show that

ψ = M + 2
∞∑

i=1

Ji(ie)
i

sin iM, (1.26)

where the Ji are the Bessel functions of the first kind. Owing to the regularity
of the function F (M), series (1.26) converges uniformly for any value of M in
the interval (−∞,∞). If we evaluate the first six Bessel functions, substitute
them in Eq. (1.26) and assemble the terms having the same power of e, we have

ψ = M + e sinM +
e2

2
sin 2M + e3

(
3
8

sin 3M − 1
8

sinM
)

+

+e4
(

1
3

sin 4M − 1
6

sin 2M
)

+ e5
(

125
384

sin 5M − 27
128

sin 3M +
1

192
sinM

)
+

+e6
(

27
80

sin 6M − 4
15

sin 4M +
1
48

sin 2M
)

+O(e7). (1.27)

It must be remarked that, as the eccentricity is very close to zero in most
problems in the Solar System, an expansion up to the sixth order is a fairly
good solution: therefore, this is the solution of Kepler equation we adopted for
the construction of LISA unperturbed orbits.

Let us now consider the second possibility, that is, to expand the solution
ψ(e,M) of Kepler equation as a Taylor series of the eccentricity around e = 0
for any fixed value of the mean anomaly M ,

ψ(e,M) =
∞∑

j=0

cj(M)
ej

j!
, (1.28)

with coefficients cj depending on M

cj(M) =
(
∂jψ(e,M)

∂ej

)
e=0

.

It is possible to show that we can write

ψ = M +
∞∑

j=1

ej

j!
dj−1

dM j−1
(sinM)j

.

Hence the coefficients cj(M) have the form

cj(M) =
dj−1

dM j−1
sinj M, j = 1, 2, · · · c0(M) = M,

but, since the jth power of sinM , because of the de Moivre’s formula, is a
linear combination of 1, cosM, cos 2M, . . . , cos jM or sinM, sin 2M, . . . , sin jM
(for even or odd j respectively), the (j − 1)th derivative of sinM is a linear
combination of only sines; therefore we end up with

cj(M) =
dj−1

dM j−1
sinj M =

j/2∑
k=0

(j − 2k)j−1 (−1)k

2j−1

(
j
k

)
sin (j − 2k)M
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As a consequence, the first terms in the expansion of the solution of Kepler
equation will be

ψ = M + e sinM +
e2

2!
sin 2M + · · · . (1.29)

It is worth noticing that the terms of higher degree are considerably more com-
plicated to evaluate and the difficulties in the calculations increase rapidly. On
the other hand, we usually deal with very small eccentricities, so that even the
three terms we have written provide us with an accurate value of the eccentric
anomaly.

To conclude this section, we present a different approach to the solution of
the transcendent Kepler equation. Let us consider the following succession:

ψ1 = M − e sinM

ψ2 = M − e sinψ1

ψ3 = M − e sinψ2

. . .

ψn+1 = M − e sinψn

. . .

It is possible to demonstrate that for ψn we have that

|ψ − ψn| ≤ en+1 =⇒ lim
n→∞

|ψ − ψn| = 0

and so the succession converges [7]. This method is very useful when numerical
solution of the Kepler equation is required.

1.3.3 Approximated orbits

The tilt ik and the eccentricity ek for the LISA orbits are given by

tan ik = α ek =
α√
3
.

We find that ek is proportional to α, ik ≈ 1.7 · 10−2 and ek ≈ 10−2. Then
to this order, with our initial conditions and now writing α in terms of ek, for
spacecraft 1 we have 

x1(t) = a1(cosψ1(t) + e1)

y1(t) = a1 sinψ1(t)

z1(t) =
√

3 a1 e1 cosψ1(t) ,

(1.30)

where the eccentric anomaly can be explicitly solved for to the first order in e1
in terms of the time t:

ψ1(t) = M1(t) + e sinM1(t). (1.31)
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The approximated orbits of the spacecrafts 2 and 3 can be obtained by
rotating the orbit of spacecrafts 1 by 2π/3 and 4π/3 about the z-axis respec-
tively. The corresponding phases ψj(t) (j = 2, 3) can be explicitly obtained as
a function of time:

ψj(t) = Mj(t) + ej sinMj(t). (1.32)

In the following section, we will prove that to the first order in α, the distance
between any two spacecrafts is l and independent of time: the LISA constellation
moves rigidly as an equilateral triangle with its centroid tracing a circle with
radius of 1 AU with the Sun as its center [16].

1.3.4 The CW frame

Clohessy and Whiltshire make a transformation to a frame - the CW frame
(x, y, z) - which has its origin on the reference orbit and also rotates with an
angular velocity Ω. The x direction is normal and coplanar with the orbit, the
y direction is tangential and comoving and the z direction is chosen orthogonal
to the orbit plane. They write down the linearized dynamical equations for
test particles in the neighborhood of a reference particle (such as the Earth).
Since the frame is non-inertial, Coriolis and centrifugal forces appear in addition
to the tidial forces. The CW equations for a free test particle of coordinates
(x, y, z) are 

ẍ− 2Ωẏ − 3Ω2x = 0

ÿ + 2Ωẋ = 0

z̈ + Ω2z = 0

(1.33)

where Ω = 2π y−1. The general solution, depending on six arbitrary parameters,
reads



x(t) = ẋ0
Ω sinΩt−

(
3x0 + 2ẏ0

Ω

)
cos Ωt+ 2

(
2x0 + ẏ0

Ω

)
y(t) =

(
6x0 + 4ẏ0

Ω

)
sinΩt+ 2ẋ0

Ω cos Ωt− 3 (2Ωx0 + ẏ0) t+
(
y0 − 2ẋ0

Ω

)
z(t) = z0 cos Ωt+ ż0

Ω sinΩt
(1.34)

We observe that y contains a term linear in t, while the constant terms in y
are merely offsets and could be removed without loss of generality by a trivial
translation of coordinate along the same orbit. The removal of the x offset also
removes the linear term in t (the runaway solution). In contrast with the y
offset, the x offset corresponds to a different orbit with a different period than
that of the reference particle, namely, the origin of the CW frame. Thus the
only important requirement is that of vanishing of the x offset term. This term
represents Coriolis acceleration in the y direction and comes from integrating
the y equation in the CW equations. If we require a solution with no offsets,
we must have
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ẏ0 + 2Ωx0 = 0 ẋ0 −
1
2
Ωy0 = 0.

With these additional constraints on the initial conditions, the bounded and
centered solution is 

x(t) = 1
2y0 sinΩt+ x0 cos Ωt

y(t) = y0 cos Ωt− 2x0 sinΩt

z(t) = z0 cos Ωt+ ż0
Ω sinΩt

(1.35)

In addition, if we require the distance of the particle from the origin to be
constant, say d, and we identify the terms of frequencies 0 and 2Ω, we obtain
the two equations

z2
0 −

ż0
Ω2

= 3
(
x2

0 −
1
4
y2
0

)
,

2z0ż0
Ω

= 3x0y0.

Adding the first to i times the second yields the complex condition:

(
z0 + i

ż0
Ω

)2

= 3
(
x0 + i

y0
2

)
,

from which we obtain

z0 =
√

3µx0
ż0
Ω

=
√

3
2
µy0,

where µ = ±1. The solutions satisfying the requirements of no offset and fixed
distance to origin are finally of the form

x(t) = 1
2ρ0 cos (Ωt− φ0)

y(t) = −ρ0 sin (Ωt− φ0)

z(t) =
√

3
2 µρ0 cos (Ωt− φ0) ,

(1.36)

where

ρ0 =
√

4x2
0 + y2

0 , tanφ0 =
y0
2x0

.

The initial conditions are now expressed in terms of (ρ0, φ0) instead of
(x0, y0). We call the solutions satisfying the above requirements as stable. The
results that we obtained by taking Keplerian orbits to first order in α are the
same as those obtained by using the above CW equations. In the CW frame
the equations of the orbits simplify and it is easy to verify the result. The
trasformation is only in the (x, y) plane; the z coordinate is unchanged. Since
we have chosen the reference orbit to be the circle centred at the Sun and radius
of R = 1 AU, the CW frame (x, y, z) is related to the SSB frame by

23




x(t) = (X −R cos Ωt) cos Ωt+ (Y −R sinΩt) sinΩt

y(t) = − (X −R cos Ωt) sinΩt+ (Y −R sinΩt) cos Ωt

z(t) = Z .

(1.37)

The orbit equations for the three spacecrafts derived in the last section can
be written in a simple and compact form

xk = eR cos
[
Ωt− 2π

3 (k − 1)
]

yk = −2eR sin
[
Ωt− 2π

3 (k − 1)
]

zk =
√

3eR cos [Ωt− (k − 1)] ,

(1.38)

where k = 1, 2, 3 labels the three spacecrafts. One immediately recognizes the
form of Eqs. (1.36) for the special case of µ = 1 with the initial conditions
ρ0 = 2ea and φ0 = 2π(k−1)/3. The symmetry is now clear. It is straightforward
to verify that the distance between any two spacecrafts is l. Thus the LISA
spacecraft constellation rigidly moves as an equilateral triangle of side l in this
approximation. In fact, it is possible to establish a general result: in the CW
frame there are just two planes which make angles of ±π/3 with the (x, y) plane,
in which test particles obeying the CW equations and the stability conditions (as
defined above), perform rigid rotations about the origin with angular velocity
−Ω.

To see this, consider a test particle at arbitrary (ρ0, φ0) whose orbit is
parametrized by Eqs. (1.36). Consider the frame which is obtained from the
CW frame (x, y, z), by first rotating about the y axis by µπ/3 to obtain the
intermediate frame (x′, y′, z′) and then rotating this frame about the z′ axis
by −Ωt. The first rotation transforms the particle trajectories to lie in (x′, y′)
plane. The second rotation by −Ωt about the z′ axis makes the particle in this
new frame (x′′, y′′, z′′) stationary ! Thus in the double-primed coordinates we
have:

x′′(t) = ρ0 cosφ0, y′′(t) = ρ0 sinφ0,

i.e., the particle is at rest in the new rotating frame. There is a one-to-
one mapping from the set of all stable (as defined above) solutions of the CW
equations to the planes whose normals ~n are inclined of 30◦ or 150◦ with respect
to the x direction and rotating with the angular velocities −Ω, the rotation axis
being ~n. The LISA plane corresponds to the choice of 150◦ and it is now
clear that any particle at rest in this plane, remains at rest in it, so that any
number of spacecrafts in this plane would remain at constant relative distances,
at least in CW approximation, equivalent to a first-order calculation in the
eccentricities. This further implies that, so far as “rigid” flight formations are
desired, equilateral triangle is not the only choice. Arbitrary formations with
any number of spacecrafts are possible as long as they obey the CW equations
and satisfy the stability requirements as detailed above [16].
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Chapter 2

Interplanetary dust and
dark matter

In order to detect GWs with LISA, we first have to model accurately the near
gravitational field experienced by the constellation. This thesis will focus on the
contributions induced by interplanetary dust (ID), and its physical properties
and distribution models in Solar System will be treated in this chapter. In
addition, studying the perturbations induced by ID may provide the correct
approach to another component of the Solar System, the dark matter (DM).

The idea of DM arose because of certain disagreements between the expected
motions of stars in galaxies, as inferred by the study of their electromagnetic
emission, and the observed motion. Physicists proposed thus a new kind of mat-
ter, not interacting with electromagnetic radiation, but only gravitationally [5].
The second part of the chapter will focus on DM and on its possible candidates
from the theory of elementary particles.

ID and DM are expected to behave in similar way, and the potentials they
induce are usually neglected in celestial mechanics calculations. However, due
to the very high sensitivity LISA is projected to reach, ID and DM must be
considered when modeling the near gravitational field experienced by the con-
stellation [11]. The fundamental difference between these two components is the
fact that ID can be studied by means of the Sun electromagnetic radiation it
reflects (zodiacal light), while DM can only be treated through the gravitational
effects it induces.

2.1 Introduction to the physics of interplane-
tary dust

In this section we review the basic dynamic effects acting on dust grains in
interplanetary space. All dust particles in space feel the gravitational pull of
the Sun. For particles with masses m > 10−8 g, solar gravitation is by far the
dominant force. As a consequence they move on keplerian orbits which are conic
sections with the Sun in one focus - other forces are only small disturbances.
Certainly, all observations of big particles are compatible with such orbits, al-
though, the accuracy of the in-situ measurements is not sufficient for an unique
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orbit determination.
The pressure exerted on dust in interplanetary space by the solar radiation

Frad decreases with the inverse square of the distance to the Sun, i.e., this
is the same dependence as the solar gravitational force Fgrav. Therefore, the
ratio of both forces is constant everywhere in interplanetary space and it is only
dependent on material properties. This ratio is generally written as β:

β =
Frad

Fgrav
= 5.7 · 10−5< Qpr >

ρs
, (2.1)

where < Qpr > is the efficiency factor for radiation pressure on the meteoroid
(averaged over the solar spectrum), s is the radius of a spherical particle and ρ
is the density; e.g., for s = 10−4 cm and ρ = 1 g/cm3, we obtain β = 0.57. For
big particles, < Qpr > is of the order of 1, depending on material properties
(optical properties, shape, porosity etc.), but it decreases for particles smaller
than the effective wavelength of the Sun light (≈ 0.5 µm). As a consequence, β
increases for smaller s values and reaches its maximum value between 0.1 and
1 µm, below which it decreases again. The maximum value is about 0.5 for
non-absorbing dielectric materials and increases with increased absorptivity; it
reaches maximum values of 3 to 10 for metallic spherical particles.

There are several consequences for the dynamics of small particles because
of radiation pressure. Firstly, it can be shown that small particles affected by
radiation pressure move slower on the same orbit than bigger particles. This is
seen in in-situ data as the apex peak of dust impacts: spacecrafts orbiting the
Sun at about 1 AU distance found a maximum in the flux of micrometer-sized
meteoroids arriving from the direction of spacecraft motion (apex), indicating
that micrometeoroids are slower than a spacecraft on more or less circular orbits.

Secondly, small particles that are generated from big particles (e.g. particles
emitted from comets or impact ejecta generated from meteoroids or asteroids)
carry the kinetic energy of the bigger parent object but find themselves in a
reduced effective potential field of the Sun due to radiation pressure. As a
consequence, these particles move on different orbits than their parent; e.g., if a
dust particle is released at perihelion from a big parent object (eccentricity ep),
its orbit will have the eccentricity

ed =
ep + β

1− β
. (2.2)

It can be seen that even for a parent object on a circular orbit the ejected
dust grain will move on an unbound hyperbolic orbit (ed ≥ 1) if its β > 0.5.
We will call here “β-meteoroids” those particles that leave the Solar System on
unbound orbits. Some authors used this term for all particles that are affected
by radiation pressure even if they are still on elliptical bound orbits. However,
this lead to some confusion since all particles in space are affected by radiation
pressure; therefore, we want to restrict the term β-meteoroids to the narrower
definition above.

Beside the direct effect of radiation pressure on trajectories of small dust
grains there is also a more subtle effect: the Poynting-Robertson effect. This
is caused by radiation pressure force, that is not perfectly radial on a moving
dust particle but has a small component opposite to the particle motion. The
strength is of the order vt/c (vt is the tangential particle velocity) and it leads
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to a loss of angular momentum and orbital energy of the orbiting particle. The
effect is strongest when the particle speed is highest, i.e., close to the Sun at its
perihelion. Therefore, particle orbits get slowly circularized while they spiral
toward the Sun. The time, τPR, for a particle on a circular orbit to spiral to
the Sun is

τPR = 7 · 106
( s

10−2 m

)
·

(
ρ

103 kg/m3

)
·
( r

1 AU

)
·
(

1
Qpr

)
. (2.3)

A similar but weaker effect (about 30% of the Poynting-Robertson drag
force) arises from solar wind drag.

This spiraling of micrometeoroids to the Sun leads to a well-defined radial
dependence of the spatial density inside the source region of these dust grains.
The radial drift speed of a particle on circular orbit is

vPR ∝ r−1.

Flux conservation requires that, in steady state, the same number of particles
pass through a spherical surface each second. This sets up a spatial density n(r)

n(r)vPRdA = const., dA ∝ r2 and n(r) ∝ r−1.

Leinert et al. [28] show that the observed radial density n ∝ r−1.3 found
from zodiacal light measurements with Helios satellite is compatible with a
distributed source of dust in the inner Solar System. Other authors assume
n ∝ r−1 and put the stronger intensity variation in a variation of the particle
albedo or size distribution [22].

2.2 Properties of interplanetary dust

2.2.1 General characteristics

In this thesis we assume that the effective meteoroid density is ρ = 2.5 g/cm3,
that at 1 AU the relative effective speed between different meteoroids is v0 = 20
km/s and that the flux on Earth as well as the mutual impact flux is isotropic
(in following subsections we follow the approach in Ref. [24]).

Meteoroid densities

Meteoroid densities have been determined by a number of methods. From stud-
ies of lunar microcraters, Smith et al. [41] and Nagel et al. [36] found that
30 to 40% of the craters are very shallow, which is indicative for low-density
projectiles (ρ ≈ 1 g/cm3). However, Le Sergeant d’Hendecourt and Lamy [29]
argued that the distribution of crater data is compatible with an average den-
sity of 3 g/cm3. Some meteor particles are believed to be of very low density
(ρ ≈ 0.2 g/cm3), but the meteor statistics reported by Ceplecha [10] indicate
that about 60% of the photographic and visual meteor particles have densities
ρ ≥ 1 g/cm3.

Grün et al. [23] interpreted from the data of Helios micrometeoroid experi-
ment that about 10 to 20% of the observed particles have densities ≤ 1 g/cm3.
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From all this observational evidences we conclude that only 20 to 40% of the
meteoritic particles are of low densities (ρ ≤ 1 g/cm3) whereas the majority of
meteoroids have densities ρ = 2 to 3 g/cm3.

Meteoroid speeds

They have been derived from meteor observations and satellite measurements.
Zook (1975) obtained average impact speeds on the Moon ranging from 13 to
18 km/s. We use the slightly higher effective velocity of v = 20 km/s for two
reasons:

1. most phenomena, which we consider, like cratering and destructive colli-
sions, depend on v2 and hence the average effect corresponds to a higher
speed;

2. mutual collisions among meteoroids occur at higher speed than impacts
on the Moon and on the Earth because their eccentricity and inclination
is generally larger than that of Earth.

Impact speeds of small particles (m ≤ 10−10 g), which were derived from
satellite measurements, give an average speed of 8 km/s for particles in the
mass range of 10−13 to 10−10 g and about 17 km/s for the smaller particles.
Mc Donnel (1978) reports impact speeds up to 100 km/s with an average of 43
km/s for particles of about 10−12.

The difference in these values may be explained by the different viewing ge-
ometry of the experiments. Since we are mainly concerned with larger particles,
we do not consider these data here.

Directionality

The directionality of the meteoroid flux is obtained from meteor data and satel-
lites measurements. For small meteoroids (m ≤ 10−11 g) there is evidence that
the micrometeoroid flux is concentrated toward a direction (apex and solar di-
rection) in the ecliptic plane. Even if the true flux is monodirectional, we make,
by assumption of an isotropic flux, only an error of about 30% in the calculation
of spatial densities, which are going to be treated right now.

2.2.2 Spatial densities

For a number of applications it is required to present the information of the
flux distribution in a different form (e.g. differential flux, spatial density). The
relation between the cumulative flux F (m, r) and the cumulative spatial density
N(m, r) is given by

F (m, r) =
v̄(r)
k
N(m, r) (2.4)

where r specifies the radial distance from the Sun, v̄(r) is the average impact
velocity onto the sensor measuring the flux and k is a constant; k = 4 in the case
of an isotropic flux and if F (m, r) is measured by one side of a flat plate sensor
which has an effective sensitive solid angle of π sr. In the following analysis we
use the factor k = 4 to calculate the spatial density. Due to this choice we may
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overestimate the spatial density by up to 30% if the flux is higly anisotropic.
For v̄(r) we adopt the relation

v̄(r) = v0

(
r

r0

)−0.5

(2.5)

with v0 = 20 km/s and r0 = 1 AU.
Differential distributions are presented in the form dF (m)/d(logm) which

can be translated into the ordinary differential distribution by taking into ac-
count

dF (m)
d logm

= ln 10
(
m
dF (m)
dm

)
. (2.6)

The differential spatial number density at r0 = 1 AU was evaluated to be:

dN(m, r0)
d(logm)

=
dF (m, r0)
d(logm)

k

v̄(r0)
(2.7)

and the spatial mass distribution is expressed by

−mdN(m, r0)
d(logm)

. (2.8)

These distributions show a strong peak at m ≈ 10−5 g particles and only par-
ticles with m > 10−10 g contribute significantly to the peak.

Other useful quantities are the total mass density and the total mass influx
on the Earth. The first number is calculated by integrating over the spatial
mass distribution and results in

ρ0 = 9.6 · 10−20 kg/m3

at 1 AU. This number represents the density of matter whose gravitational field
would be felt in lack of Earth.

The mass influx on the Earth can be derived by calculating the total mass
flux according to Eq. (2.4) and taking into account the gravitational increase at
the Earth and the surface area of the Earth. This results in the total meteoritic
mass influx on the Earth of about 40 tons/day.

2.2.3 Cross-sectional distribution and light scattering

Another important function is the spatial distribution of the cross-sectional area
of interplanetary meteoroids. It is given at r0 by the expression

−A(m)
dN(m, r0)
d(logm)

(2.9)

where A(m) is the cross sectional area of a spherical meteoroid of mass m,

A(m) = π(
3m
4πρ

)2/3. (2.10)

Following Hanner [25], the cross-sectional area per unit volume resulting from
our interplanetary flux model at 1 AU leads to a geometric albedo p of zodiacal
light particles which varies between 0.09 and 0.13. The range is close to the
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geometric albedo (p ≤ 0.1) suggested by studies of collected micrometeoroids
and by infrared measurements of the zodiacal light.

From these data and other measurements and by assuming a simplified
model, Giese and Grün [19] concluded that the contribution of particles with a
radius s ≤ 0.16 µm (i.e., ≈ 4 · 10−14 g) to the zodiacal light at an elongation
ε = 90◦ is ≤ 0.6% and that ≈ 80% stem from particles with s ≥ 9.5 µm. Röser
and Staude [39] using the same spatial density distribution but applying Mie
theory arrived at a similar result: particles with s ≤ 1 µm contribute about 2%
while particles with s ≥ 10 µm yield 80%. Therefore the main contribution to
the zodiacal light stems from particles in the range of 10 µm ≤ s ≤ 100 µm
(i.e., 10−8g ≤ m ≤ 10−5 g).

2.3 Divine’s population model of interplanetary
dust and its improvements

During past years, there have been many attempts to split the particles com-
posing interplanetary dust in different populations depending on their orbital
motions, masses range etc. Following the approach in Ref. [22], in this subsec-
tion we present Divine’s model [17], that matched the available data, but had
to be modified after the results of Galileo and Ulysses missions.

Five different sets of distributions of orbital elements (populations) were
required by Divine to match all of the data sets that were available at that
time. Note, that Divine assumed radiation pressure constant β = 0 which is
justified for particles with mass m > 10−10g. All particles are assumed to be
spherical with density ρ = 2.5 g/cm3 and the albedo varies between 0.02 and
0.05. In the following we give a short description of these populations.

Core population The core population, at mean mass 10−5 g, has particles on
orbits of small eccentricity and inclination, and the concentrations increase
inward as r−1.3. This population contributes most to the zodiacal light,
as well as making major contributions to all other data sets. The core
population is the most reliable of the five populations because it is the
dominant component represented in most data sets.

Asteroidal population The asteroidal population, at mean mass 10−3 g, also
has small eccentricities and inclinations, but increases outward from 1 AU;
it is developed mostly to match that part of the radar meteor data which
peaks in the asteroid belt. The relation of this population to asteroids is
unclear.

Halo population The halo population, at mean mass 10−7 g, exists beyond
2.5 AU and has random inclination (including retrograde); it is needed to
provide the nearly uniform fluxes detected in the outer Solar System by
Ulysses.

Inclined population The inclined population, at mean mass 10−8 g, has par-
ticles on near-circular, moderately inclined orbits inside 1 AU; it is needed
to reproduce the flux difference between the south and ecliptic sensors on
Helios 1 (and has some features in common with apex particles in the
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literature). In addition, a more isotropic component of the zodiacal light
at close solar distances supports the existence of such a population.

Eccentric population The eccentric population, having mean mass below
10−12 g, exists mostly inside 1 AU, and is based primarily on an attempt
to match the angular distribution of individual impact events on Helios; it
has some features in common with β-meteoroids but it is not well defined
by the current data set. In contrast to β-meteoroids observations, the
eccentric population displays no predominance of the flux from the solar
direction. Berg and Grün [4] demonstrated that these β-meteoroids rep-
resent a stream of small particles leaving the solar system on hyperbolic
orbits due to the effect of radiation pressure. Recent measurements by the
Hiten satellite support these observations.

Divine’s model agrees with various measurements. For example, the core
population matches the data over a wide mass range from 10−13 to 10−5 g, the
asteroidal population represents bigger meteoroids at 1 AU and smaller particles
are represented by the eccentric population; another example comes from the
study of the elongation dependence of the zodiacal thermal emission intensity,
which shows that zodiacal thermal emission is dominated by the core population.
However, Divine’s model was modified to match data from Galileo and Ulysses
missions and new populations were introduced (which partially replace some
of the original populations) in order to match the directional flux data and to
include the effects of radiation pressure. New populations are:

Interstellar dust population Ulysses observations require the inclusion of
an interstellar dust population in the model. These particles pass on
hyperbolic orbits through the solar system, arriving from 252◦ ecliptic
longitude and 5◦ latitude at speed about 26 km/s. For these small (10−13

g) particles, radiation pressure, which reduces the effect of solar gravity,
cannot be neglected. Actually, β = 1 is used in the current model for
these small particles which means that these particles move through the
solar system on straight trajectories.

Meteoroid populations affected by radiation pressure Due to the strong
influence of radiation pressure on small dust grains on keplerian orbits,
new populations of bound heliocentric meteoroids are defined according
to most recent results of the Galileo and Ulysses dust detectors: big parti-
cle population (m > 10−10 g) has β = 0 and can be considered as part of
Divine’s core population, A-population covers the mass range from 10−12

to 10−10 g and has β = 0.3, B-population covers the range from 5 · 10−15

to 10−12 g and has β = 0.8. For completeness, we include even smaller
particles (C-population, < 5 · 10−15 g) again having β = 0.3.

What we can say is that the “A”, “B”, and “C” populations can be regarded
as the extension of the core population to small particles for which radiation
pressure is important. The interstellar population is new. The combination of
these populations matches the following data sets: radio meteors, zodiacal light,
interplanetary flux at 1 AU and, of course, the Galileo and Ulysses data sets
discussed here.

No “inclined”, “eccentric” and “halo” populations are needed to explain
the Galileo and Ulysses data sets. However, some of these populations may
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be required to explain the Helios data, although only with a restricted validity
range in order not to disturb the match of the Galileo and Ulysses data.

In summary, Divine’s original five populations describe well the data sets
he used. The inclusion of directional information of small particle fluxes re-
quires the introduction of new populations affected by radiation pressure and
on hyperbolic orbits.

2.4 Analytical models of distribution of inter-
planetary dust

Following the approach in Ref. [20], in this section we focus on the different
analytical models of the three-dimensional distribution of ID that have been
derived from observations of the zodiacal light such as fan, ellipsoid, sombrero
and multilobe models.

Measurements of the infrared emission of grains in the ID cloud have stimu-
lated investigators to compare their results with models of the three-dimensional
dust distribution as derived from the zodiacal light. However, modeling of the
thermal emission is still at a very early stage and comparisons have been re-
stricted to optical models which do not necessarily present the best approxima-
tion to optical data over all viewing directions. As a contribution to the next
step in the synthesis of optical and infrared results in modeling the zodiacal
dust cloud it is helpful to rediscuss the current optical models.

2.4.1 Models assumptions

All the models that will be discussed are characterized by the following assump-
tions:

Symmetry with respect to the ecliptic plane From observational results,
(e.g. zodiacal light measurements), different symmetries of the spatial
meteoroids distribution have been derived. Deviations from symmetry
with respect to the ecliptic plane are observable but they are small (0.01
AU offset from the Sun and 2◦ inclination) and hence neglected here.

Rotational symmetries In the following models we assume rotational sym-
metry of the ID cloud, which is in general agreement with zodiacal mea-
surements. A consequence of this assumption is that the orbital elements,
line of nodes and line of apsides are randomly distributed and a mete-
oroid orbit can be described only by the three orbital elements: perihelion
distance (or, equivalently, semi-major axis), eccentricity and inclination.

Radial profile Brightness measurements of the zodiacal light show a decrease
of the dust concentration away from the Sun. To describe the radial dis-
tribution, a power law n(r) ∝ rα has been assumed. Different approaches
were made to determine the exponent α (e.g. -1.3 found from the Helios
zodiacal light experiment).

No time variability The models that we will present here are “snapshot”
models describing the current state of the ID cloud. They do not explain
how this state is reached and where it will go.
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2.4.2 Brightness integral and geometric definitions

The brightness I (here radiance, W m−2 sr−1 nm−1) of the zodiacal light as seen
by an observer in the ecliptic plane at solar distance R at an ecliptic latitude β
and longitude (λ − λ�) with respect to the Sun (λ�) can be expressed by the
“brightness integral”

I(β, λ− λ�, R) = F� ·R2
0 ·
∫ ∞

l=0

n(~r)σ̄(~r, θ)
r2

dl, (2.11)

where F� is the solar irradiance at R0 = 1 AU, R the distance of the observer
from the Sun in the ecliptic plane, n(~r) the number density (m−3) of dust
particles at the position ~r with respect to the Sun in the ecliptic plane, and σ̄
the average scattering function of a particle of the ID mixture at the location
~r. Generally, σ̄ is dependent on the physical properties of the dust grains (size
distribution, material, shape) which might vary with ~r and on the scattering
angle θ between the direction of the illuminating radiation and the direction
of light scattered towards the observer. Since in the case of zodiacal light the
observer sees all contibutions (≈ nσ̄dl/r2) of scattered light along the line of
sight, integration in the brightness integral goes from l = 0 to ∞, which is
equivalent to an integration over scattering angles from θ = ε to 180◦. ε is the
elongation, i.e., the angle between the viewing direction and the direction from
the observer to the Sun. The direction of the line of sight can be expressed
alternatively by (λ − λ�) and β or by the elongation ε and by an angle of
inclination j between the ecliptic plane and the scattering plane.

There is a slight difference between the symmetry plane of the interplanetary
dust cloud as derived from observation of the zodiacal light and the ecliptic plane
and even the possibility that the Sun is not at the center of symmetry of the
zodiacal cloud. These minor differences (although important) are outside our
scope which is exclusively devoted to the global shape and gross structure of
the cloud.

2.4.3 Analytical model approximations

There have been many attempt to derive from the observed brightness I(λ −
λ�, β) of the zodiacal light three-dimensional distributions of ID in the solar
system. In most cases it is assumed that n(~r), number density, can be given as
a product

n(~r) ∝ 1
rα
f(β�), (2.12)

where f(β�), depending on the heliocentric ecliptic latitude β�, mainly defines
the concentration of dust out of the symmetry plane. The power law r−α

determines the change of n(~r) within the symmetry plane (β� = 0), where
f(β�) = 1 by definition.

According to the observational evidence, rotational symmetry about the z
axis is assumed and in this case the isodensity surfaces are rotational surfaces
with respect to z, which allows them to be defined alternatively by polar coor-
dinates (r, β�).

As we have already said, in all models we will assume separability of n(r, β�)
into two factors, the first being a power α of solar distance r and the second
depending on the helioecliptic latitude β�, i.e. n ∝ r−αf(β�).
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The first parameter α was found between 1.0 and 1.5 and will be adopted
here and in the following models as α = 1.3 in accordance with the results of
Helios. On the contrary, f(β�) was not inferred yet, and we must therefore
consider different models. Here we present some of them1:

Ellipsoid models Their analytical form is

n(r, β�) = n0

(
r

r0

)−α [
1 + (γE sinβ�)2

]−α/2
. (2.13)

The parameter γE was found by Dumont to be 6.9 on the basis of α =
1.2 and the ecliptic pole ratio of brightness at ε = 90◦. More recent
determinations with α = 1.3 and a least-squares fit to the whole circle
ε = 90◦ led to γE = 6.5, which will be adopted here. We also have the
so-called blown up ellipsoid model, with γE = 4.5 (see Fig. (2.1))

x

z

(a)

x

z

(b)

Figure 2.1: Isodensity curves for ellipsoid models in the (x, z) plane; the whole
distribution can be obtained by a rotation about z axis. In a), γE = 6.5, in b),
γE = 4.5

Fan model After some slightly more complicated expressions proposed in ear-
lier works, Leinert et al. [28] used the expression

n(r, β�) = n0

(
r

r0

)−α

· e|−γF sin β�| (2.14)

with α = 1.3 and γF = 2.1, which was subsequently also adopted by other
authors for theoretical discussion and for comparison with IRAS results.
We also have flattened fan models with γF = 2.9. A modified fan model
was proposed by Lumme and Bowell [35] and adapted to the run of the
brightness of the zodiacal light in the helioecliptic meridian. The density
law follows the expression

n(r, β�) = n0

(
r

r0

)−α

·
[
e−3.8 · | sin β�|

]
·
[
e2 sin2 β�

]
(2.15)

which produces, contrary to the ordinary fan model, not a depression but
a bulge of the isodensity lines “above” the Sun. This turns out to be
favorable for reproducing the features of the zodiacal light in the sunward
hemisphere (see Fig. (2.2)).

1n0 and r0 are scale factors.
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Figure 2.2: Isodensity curves for fan models in the (x, z) plane; the whole dis-
tribution can be obtained by a rotation about z axis. In a), γF = 6.5, in b),
γF = 4.5

Sombrero models Another way to create the bulge quoted in the literature
is called sombrero model since the isodensity lines resemble a sombrero
hat, see Fig. (2.3). These models combine an enhancement (bulge) of
dust around the Sun with the component of zodiacal dust which is con-
centrated toward the symmetry plane. The mathematical expression is a
combination of a radially symmetric component (bulge) and a term like
that used in the analytically somewhat more complicated versions of the
fan model:

n(r, β�) =
n0

r1.3

[
0.15 + 0.85e−13 · | sin β�|1.9

]
. (2.16)

Practically identical isodensity surfaces are produced by the more simple
expression

n(r, β�) =
n0

r1.3

[
0.15 + 0.85 cos28 β�

]
. (2.17)

The reason is that for small heliocentric ecliptical latitudes (β� < 20◦),
the two functions deviate from each other by less than 5%, while strong
deviations of orders of magnitude occur only above β� ≈ 40◦ where both
cos28 β� and e−13 · | sin β�|1.9

are small compared to a value of 0.15.

x

z

Figure 2.3: Isodensity curves for sombrero models in the (x, z) plane; the whole
distribution can be obtained by a rotation about z axis.

Cosine models The preceding equation presents a special subgroup of som-
brero models, cosine models, that are generalized by the analytical expres-
sion

n(r, β�) =
n0

rα
[k + (1− k)(cosβ�)γC ] (2.18)

35



with γC even, see Fig. (2.4). They all adopt a radially symmetric popula-
tion of particles mainly producing a bulge around the Sun, superimposed
by a component r−α(cosβ�)γC , which produces part of the dust popu-
lation concentrated toward the symmetry plane. Cosine models separate
like all sombrero models clearly two distinct components relevant for the
physical interpretation.

x

z

(a)

x

z

(b)

Figure 2.4: Isodensity curves for cosine models in the (x, z) plane; the whole
distribution can be obtained by a rotation about z axis. In a), k = 0.15, γC = 28,
in b), k = 0.2, γC = 44

Layer models Layer models are distributions like

n(r, z) ∝ 1
rα
· ez/γ , (2.19)

where the concentration of dust toward the ecliptic plane is determined by
a function f(z) of z only, see Fig. (2.5). Such models, however, were found
to contradict observations of the inner zodiacal light. They do not repro-
duce the flattening of the isophotes around the Sun for low elongations
and therefore layer models are discarded.

x

z

Figure 2.5: Isodensity curves for layer models in the (x, z) plane; the whole
distribution can be obtained by a rotation about z axis.

Multilobe models Completely different from all models referred to above is
a density distribution brought into discussion as a numerical result of
inversion of the brightness integral by Buitrago et al [9]; they are based
on the assumption α = 1 instead of α = 1.3. It implies, in addition to
the usual component of zodiacal dust concentrated toward the symmetry
plane, another component, which causes by a bimodal function f(β�)
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a secondary maximum of concentration about high angles of helioecliptic
latitude β�. To handle the problem with α = 1.3 and in a more convenient
analytical form, the distribution function

n(r, β�) = n0

(
r

r0

)−α

· cos2 β�
[
γM1 sin2 β� − 1

]γM2 (2.20)

can be used, see Fig. (2.6). The question remains as to whether such
models showing additional concentrations of density n toward higher he-
lioecliptical latitude, hereafter called generally multilobe models, are gen-
erally compatible with observational data.

x

z

Figure 2.6: Isodensity curves for multilobe models in the (x, z) plane; the whole
distribution can be obtained by a rotation about z axis.

2.4.4 General compatibility

In previous section we exposed the different models that might characterize the
distribution of dust in the solar system. We now concentrate on the comparison
of the observations with the analytical expressions. In the case of ellipsoid
model (γE = 6.5), an excellent approach is achieved for the pole and for the
great circle with λ− λ� = 90◦. On the other hand, there is a lack of brightness
compared to the observational data at medium ecliptic latitudes β in and near
the helioecliptic meridian plane. (λ− λ� = 0).

On the other hand, the fan models (γF = 2.1) fit the observations in this
region rather well (typically 10 %) but produces too much brightness at higher
ecliptic latitudes (up to 33 % at the pole).

If one would admit a similar deviation at the pole for an ellipsoid model
(blown up ellipsoid model, γE = 4.5), the brightness in the helioecliptic meridian
near β = 30◦ would be similar to the fan model. On the other hand, if one would
adjust γF = 2.9 for a flattened fan model in order to achieve good agreement at
the pole, the fit in regions close to the Sun would be dramatically deteriorated.
Therefore, none of these models simultaneously reproduces the regions toward
the Sun and the polar brightness in a satisfactory way.

As a possible solution to that problem, models showing some kind of “bulge”
of the isodensity lines above the Sun can be used: in this case, the deviations
(Icalc − Iobs)/Iobs can be limited to less than 15 % or even better in nearly all
viewing directions by a proper choice of parameters.

Multilobe models cannot be excluded by using such a crude grid of viewing
directions: even the largest deviations are of the same order or even less as the
maximum deviations of the classical fan or ellipsoid model.
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Therefore, it is necessary to investigate the run of brightness for the different
models along selected viewing directions, which allow physical interpretation of
the numerical results and which are likely to show diagnostic features to exclude
models on the base of contradiction to observations.

Brightness along the helioecliptic meridian

For the viewing direction β = 45◦, the fan and cosine model produce brightness
levels that are reasonably compatible with the observational tolerance band,
while the ellipsoid model shows much too low intensity. The reason becomes
clear from geometry: here for the fan model the zone of higher density (n =
0.3n0) extends over a much longer distance along the line of sight than in the
case of the ellipsoid model, where the dust is much more concentrated toward the
symmetry plane. Although this is also true for the the main lobes of the cosine
and multilobe models, there are for these models additional contributions along
the line of sight, which at least partially compensate for the deficit compared
to the fan model. In the case of the multilobe model they come from the well
illuminated and dense regions of the secondary lobe and in the case of the cosine
model from the spherical bulge.

On the other hand, for the viewing direction β = 90◦ (ecliptic pole), the
line of sight crosses the dust cloud everywhere at r > 1 AU and hits at best
the outer portions of any secondary lobe or bulge, where the density is low.
Therefore, only the regions near the symmetry plane are relevant which show
in this direction a similar decrease of the density n and a brightness rather
compatible with the observations except in the case of the fan model. This
means that the low decrease of density of the fan model (γF = 2.1), which
produces at the pole a brightness more than 30 % too high, is not realistic.

Great circle at 90◦ of elongation

We now consider the observations along a circle at λ − λ� = ε = 90◦ from the
symmetry plane (j = β = 0) to the ecliptic pole (j = β = 90◦). As found
by Dumont, the ellipsoid model provides an excellent fit to the observations,
as do the cosine model and the modified fan model in nearly the same way.
The analytical multilobe model remains in most regions at least near the ±10%
tolerance band. On the other hand, the fan model (γF = 2.1) beyond j ≈ 30◦

produces intensities that are much too high.
The difference between the fan and the ellipsoid model is obvious: in the

latter model the dust is more concentrated toward the symmetry plane (z = 0)
for all viewing directions j ≥ 8◦.

For the cosine model and the ellipsoid model the observed values are quite
similar for j ≤ 45◦. For the multilobe model and viewing direction j ≤ 30◦ the
path of the line of sight in the dense regions is much longer than for all other
models, including the fan model.

Circles around the Sun

Since the particular features of numerical and of analytical multilobe model
are most obvious in the inner parts of the solar system, it seems worthwhile to
investigate the zodiacal light at low elongations. Therefore, predicted intensities
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were calculated and compared with the results of the rocket photometry of the
inner zodiacal light by Leinert et al. along circles around the Sun at ε = 15◦, 21◦

and 30◦ of elongation.
In all conventional models the density decreases monotonically with increas-

ing j, as does the observed intensity. The fan model reproduces the observed run
in this region rather well as was found by Leinert et al. using a slightly different
modification of the fan model. On the other hand, multilobe models show for
ε = 15◦ a minimum of intensity between j ≈ 45◦ and 60◦, which is much beyond
the observational error and which definitely was not found in observations. In
order to understand why, the secondary lobe is simplified as a cone. If the line
of sight remains in the helioecliptic meridian, it penetrates the cone and the
dust population of the rather dense and well-illuminated cone contributes to
the observed brightness. Therefore, in viewing directions penetrating the cone,
the very specific structure of multilobe models is concealed by the integration
along th line of sight. For low elongations and medium angles of j, however, the
line of sight misses the secondary lobe. This results in a drop of intensity and
in the minima referred to above.

2.4.5 Conclusions about interplanetary dust

There is general agreement, that the assumptions referred to above (power law,
homogeneity) cannot be justified a priori by simple physical arguments. Based
on observations a somewhat contradictory situation arises. By evaluating re-
sults of Pioneer 10, evidences were found that the properties of interplanetary
dust beyond 1 AU are not homogeneous. It was found in the observations of
the Helios Space Probes that the polarization of the zodiacal light decreases
from R ≈ 1 AU toward 0.3 AU to about two-thirds of its value near the Earth,
which strongly suggests spatial variations in particle properties. Additionally,
by analysing IRAS results, it was possible to conclude that the emissivity of
the dust increases, i.e., albedo decreases, between the Earth’s and Mars’ orbit.
Decreasing albedo and changes of average particle properties with increasing
heliocentric distance were suggested on the basis of qualitative physical argu-
ments to explain the discrepancies between optical and impact measurements
of Pioneer. A decrease of albedo with heliocentric distance was also considered
in the work of Lumme and Bowell [35].

On the other hand, by Helios 1/2 no changes in the relative brightness dis-
tribution were observed inward to the spacecraft perihelion at 0.3 AU. Fur-
thermore, Helios measured a constant color between aphelion and perihelion.
Leinert et al (1981) stress in summery how closely the intensity changes as
I(R) ≈ R−(α+1) for all viewing directions: they infer that a spatial distribution,

n(r, sinβ�) ≈ 1
r1.3

f(sinβ�),

should be valid for the whole region 0.09 - 1.5 AU contributing significantly to
the Helios observations.

It is also evident from the Pioneer results that a power law can be adopted as
a crude approximation, which presents the heliocentric dependence by only one
parameter (α). Hanner et al. (1976) conclude that a model with α = 1 and a
cutoff near 3.3 AU gives the best fit to their observations for a single power law
distribution. In a similar way Toller and Weinberg found from their evaluation
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of data between about 1 and 2.5 AU as an average over several elongations a best
fit with I(R) ≈ R−2.6, which is equivalent to α = 1.6. We therefore conclude
that our choice of a separable density law,

n ∝ 1
rα
f(β�),

with α = 1.3 is an acceptable and realistic assumption.
Up to now we have assumed, that the average scattering function is the same

everywhere in the zodiacal cloud (homogeneity). In this case α describes really
the power of decrease of particle number density. According to the brightness
integral, however, all we can obtain from optical observations is the volume
scattering function n · σ̄. If we abandon the assumption of homogeneity but
maintain the approximation by a power law, we can no longer consider the
“isodensity surfaces” as surfaces of equal number density n. It is hopeless to
model in detail spatial changes of particles numbers, size distribution, shape,
structure and material of the interplanetary grains.

However, it is tempting to start with a modest modification. Therefore, we
assume that the relative run of the average scattering function with θ remains
the same throughout the visible zodiacal cloud, but that there is a change of
particle albedo depending on the heliocentric distance according to a power law.
In this case we obtain for the density

n = n0

( r

AU

)−α1

· σ0(θ) ·
( r

AU

)−α2

,

where n0 and σ0(θ) are the real number density and the average scattering
function at 1 AU. In this case α1 determines the radial dependence of the real
number density and α2 the change of albedo with heliocentric distance. Since
α = α1 + α2, the surfaces of equal number density are now presented by

n = n0

( r

AU

)−(α−α2)

f(β�).

Although such modifications are not negligible, we refrain here from fur-
ther discussion. In fact, as long as only scarse pieces of information, although
very useful, are available from inversion methods and IR investigations, optical
models based on the assumptions of homogeneity and of a power law remain
important. But the reader should be aware of ambiguities and cautioned against
overdoing adjustments of parameters. According to the simple assumption they
cannot be expected to present the “final physical reality”, but they serve as
a valuable starting point for more synoptic investigations involving additional
techniques and physical arguments.

2.5 The need for dark matter

In previous sections we treated ID and its distribution models in Solar System.
Another (possible) component of our stellar system is DM, which is supposed to
present some of the physical properties of ID, i.e., it is made of very small com-
ponents, it permeates the Solar System and should induce similar gravitational
potentials. Additionally, the symmetries that characterize the distribution laws
of ID may be extended to DM. On the contrary, the most important difference
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between ID and DM is the fact that ID can be observed by means of electro-
magnetic waves, i.e., the Sun light it reflects, while DM does not interact with
photons and is, therefore, dark. Additionally, while ID presents a power law
radial profile, DM is supposed to be uniformly distributed in the outskirts of
the Sun.

The most convincing and direct evidence for DM on galactic scales comes
from observations of the rotation curves of galaxies, i.e., the graph of circular
velocities of stars and gas as a function of their distance from the galactic center,
see Fig. (2.7).

Rotation curves are usually obtained by combining observations of the 21 cm
line with optical surface photometry. Observed rotation curves usually exhibit
a characteristic flat behavior at large distances, i.e., out toward, and even far
beyond, the edge of the visible disks

Figure 2.7: Rotation curve of NGC 6503. The dotted, dashed and dashed-dotted
lines are the contributions of gas, disk and dark matter, respectively

In newtonian dynamics the circular velocity is expected to be

v(r) =

√
GM(r)

r
, (2.21)

where M(r) = 4π
∫
ρ(r)r2dr, and ρ(r) is the mass density profile, and should

be falling ∝ 1/
√
r beyond the optical disc. The fact that v(r) is approximately

constant implies the existence of an halo with M(r) ∝ r and ρ ∝ 1/r2.
Other arguments on DM, both on subgalactic and inter-galactic scales, also

comes from a great variety of data. Without attempting to be complete, we cite
among them:

• Weak modulation of strong lensing around individual massive elliptical
galaxies. This provides evidence for substructure on scales ≈ 106M�;

• The so-called Oort discrepancy in the disk of the Milky Way;

• Weak gravitational lensing of distant galaxies by foreground structure;
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• The velocity dispersions of dwarf spheroidal galaxies which imply mass-
to-light ratios larger than those observed in our “local” neighborhood;

• The velocity dispersions of spiral galaxy satellites which suggest the exis-
tence of dark halos around spiral galaxies, similar to our own, extending
at galactocentric radii ≥ 200 kpc, i.e., well behind the optical disc.

Other clues, on the scale of galaxy clusters, come from applications of virial
theorem to the observed distribution of radial velocities, from weak gravita-
tional lensing and from studying the profile of X-ray emission that traces the
distribution of hot emitting gas in rich clusters. On cosmological scales, we have
arguments from the study of anisotropies in Cosmic Microwave Background [5].

2.6 The DM candidates

First of all, physicists considered the hypothesis of baryonic DM. Baryonic DM
might be aggregated in gas clouds or compact objects like MACHOs or black
holes. Let us see the experimental proofs that led to the rejection of the baryonic
nature.

• GAS CLOUDS: X-ray observations of galaxies imply that only a small
fraction of the mass of a typical galaxy is in the form of hot gas. Even
in rich clusters, hot gas makes up less than 20% of the total mass of the
system. If DM is baryonic, then these baryons must be clumped into dense
bound objects to evade detection.

• MACHOs: when physicists realized that DM could not be in the form
of gas clouds, they decided to turn to massive celestial bodies as possi-
ble candidates for DM, like MACHOs (i.e., MAssive COmpact Objects).
Two experiments reported in 1993 have found strong evidence for the
existence of MACHOs with the technique of gravitational microlensing ;
however, MACHOs searches are not founding as many events as predicted
by spherical halo models (even if they cannot yet rule out MACHOs as
the dominant component of halo).

• BLACK HOLES: much more massive than MACHOs or stars, black
holes have been good candidates. Some of them reach a mass of 104M�.
However, it would be necessary to have nearly a million of such black
holes in a galaxy to fill the lack of matter; a too large number knowing
the effects of black holes on neighboring stars.

Physicists turned therefore to non-barionic candidates for DM; we briefly
present some of them

Standard Model neutrinos Neutrinos have been considered, until recently,
excellent DM candidates. However, a simple calculation shows that neu-
trinos are simply not abundant enough to be the dominant component of
DM. Additionally, being relativistic collisionless particles, neutrinos erase
fluctuations below a scale of ≈ 40 Mpc. This would imply a top-down
formation history of structure in the Universe, where big structure form
first. The fact that our galaxy appear to be the older than the Local
Group is a further argument against neutrinos as viable DM candidate.
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Sterile neutrinos These hypothetical particles are very similar to Standard
Model neutrinos, but without Standard Model weak interactions, apart
from mixing. Stringent cosmological and astrophysical constraints on ster-
ile neutrinos come from the analysis of their cosmological abundance and
the study of their products.

Axions Introduced in an attempt to solve the problem of CP violation in parti-
cle physics, axions have also often been discussed as DM candidate. They
are expected to be extremely weakly interacting with ordinary particles,
which implies that they were not in thermal equilibrium in the early Uni-
verse.

Supersymmetric candidates Neutralinos in models of R-parity conserving
supersymmetry are by far the most widely studied DM candidates; Sneu-
trinos are the superpartners of the Standard Model neutrinos in super-
symmetric models and have long been considered as DM candidates, but
scattering cross section of sneutrinos with nucleons is easily calculated
and is much larger than the limits found by direct matter detection exper-
iments; Gravitinos are the superpartners of the graviton and, in some su-
persymmetric scenarios, can be the lightest supersymmetric particle and
be stable. With only gravitational interactions, however, gravitinos are
very difficult to observe; Axinos, the superpartners of the axion, were
believed until recently to only be capable of acting as a warm, or hot,
DM candidate. It has been shown, however, that for quite low reheating
temperatures, cold axino DM may be possible.

Light scalar DM Considering fermionic DM candidates with standard Fermi
interactions, Lee and Weinberg concluded that relic density arguments
preclude such a WIMP with a mass less than a few GeV. If the DM is
made up of other types of particles, however, this limit could be evaded.
For instance, a 1-100 MeV scalar candidate has been proposed.

Kaluza-Klein states Kaluza-Klein excitations of Standard Model fields which
appear in models of universal extra-dimensions have also been discussed
a great deal recently as a candidate for DM.

Superheavy DM Superheavy DM particles, sometimes called Wimpzillas, have
interesting phenomenological consequences, including a possible solution
to the problem of cosmic rays observed above the GZK cutoff.

These are only some of the candidates that were proposed. Others are Q-
balls, mirror particles, CHArged Massive Particles (CHAMPs), self interacting
DM, D-matter, cryptons, superweakly interacting DM, brane world DM, heavy
fourth generation neutrinos.... However, it is by no means assured that DM is
made of a single particle species [5].

2.7 Dark matter and Solar System

We focus now on the relation between DM and Solar System. The distribution
of dark matter on the outskirts of the Sun seems to be uniform and its density
is the same all over the solar system. There are no clues for mini-halos on the
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scale of our stellar system. On the contrary, it is not clear if the distribution of
DM is uniform even in our galaxy or whether if it presents a radial profile, or if
the halo of our galaxy is constituted by a lot of micro-halos.

2.7.1 Upper limits in Solar System

In this section we present a strong upper limit on the dark matter content in
the Solar System by analysis of the perihelion precession of Mercury, Earth
and Mars [27]. To simplify our estimates, we will consider the dark matter as
non-relativistic dust with spherically symmetric density ρ(r).

Then the correction δF (r) to the gravitational force acting upon a planet
with mass m situated at a distance r from the Sun is found easily by means of
the Gauss theorem:

F (r) = −Gmµ(r)
r2

,

where

µ(r) = 4π
∫ r

0

ρ(r1)r21dr1

is the total mass of dark matter inside a sphere of radius r, and G is the New-
ton gravitational constant. The corresponding correction to the gravitational
potential is

δU(r) = Gm

∫ r

0

dr2
µ(r2)
r22

. (2.22)

This correction shifts the perihelion of the planet orbit by an angle

δφ =
d

dL

2m
L

∫ π

0

dφr2δU(r) (2.23)

per period; here L is the planet angular momentum. With δU(r) given by Eq.
(2.22) and under the assumption that ρDM remains constant, we arrive after
some transformations at the result:

δφ

2π
= −3

2
µ(r)
M�

√
1− e2, (2.24)

where e is the eccentricity of the planet orbit. For Mercury, Earth and Mars
e is small, about 0.21, 0.02 and 0.09 respectively, and will be neglected in the
estimates below.

Using the data in the following table,

Mercury Earth Mars
” per century −0.0036± 0.0050 −0.0002± 0.0004 0.0001± 0.0005
(δ/2π · 1011) −0.67± 0.93 −0.15± 0.31 0.14± 0.73

we formulate these upper limits as follows:
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µ(0.39 AU) < 6 · 10−12M�

µ(1 AU) < 2 · 10−12M�

µ(1.52 AU) < 6 · 10−12M�;

here we indicate in brackets the distance (in astronomical units) from the Sun
of the corresponding planet, Mercury, Earth and Mars respectively.

At last, we convert these upper limits into the limits on the dark matter
density. Then, the Mercury limit results in the bound

ρDM < 10−14 kg/m3
.

The bounds following from the Earth and Mars limits are much stronger, prac-
tically coincide and constitute

ρDM < 3 · 10−16 kg/m3
. (2.25)

2.7.2 The frontier: PAMELA and ATIC experiments

In this last section we discuss the excesses of positrons and electrons in cosmic
rays that have been recently revealed by experiments which confirmed the long-
standing suspicion that there are more positrons and electrons at 10s-100s of
GeV than can be explained by supernova shocks and interactions of cosmic ray
protons with the interstellar medium (ISM) [2]. The experiments are:

• PAMELA: the Payload for Antimatter Matter Exploration and Light-
nuclei Astrophysics has reported results indicating a sharp upturn in the
positron fraction (e+/(e+ + e−)) from 10-100 GeV, counter to what is
expected from high-energy cosmic rays interacting with the ISM. This
result confirms excesses seen in previous experiments, such as HEAT and
AMS-01. One possible explanation for this is dark matter annihilation
into e+ e−;

• ATIC: the Advanced Thin Ionization Calorimeter is a balloon-borne cos-
mic ray detector which studies electrons and positrons (as well as other
cosmic rays) up to TeV energies, but cannot distinguish positrons and
electrons. The primary astrophysical source of the high-energy electrons
are expected to be supernovae: electrons are accelerated to relativistic
speeds in supernova remnants and then diffuse outwards.

• WMAP: studies of the WMAP (Wilkinson Microwave Anisotropy Probe)
microwave emission from the galactic center show a hard component not
spatially correlated with any known galactic emission mechanism. This
“WMAP haze” can be explained as synchrotron radiation from electrons
and positrons produced from dark matter annihilation in the galactic cen-
ter.

• EGRET: gamma-ray measurements in the galactic center (inner 5◦) pro-
vide hints of an excess at 10-50 GeV. Strong et al. reanalyzed EGRET
data and found a harder spectrum at these energies than previously de-
rived. Despite poor spatial resolution, they found an excess in this energy
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range above the expected π0 gamma-ray emission from cosmic ray protons
interacting with the interstellar medium. Such γ’s could naturally arise
from inverse-Compton scattering of high-energy electrons and positrons
off of starlight and the cosmic microwave background (CMB)

We now focus on PAMELA and ATIC and on the excesses of positrons and
electrons they observed.

The PAMELA apparatus is a system of electronic particle detectors opti-
mized for the study of antiparticles in the cosmic radiation. Electrons and
positrons can be reliably distinguished from the other cosmic-ray species im-
pinging on PAMELA (mostly protons) by combining information provided by
the different detector components.

The misidentification of electrons and, in particular, protons is the largest
source of background when estimating the positron fraction. This can occur
if the sign-of-charge is incorrectly assigned from the spectrometer data, or if
electron- and proton-like interaction pattern are confused in the calorimeter
data. The antiproton-to-electron flux ratio in the cosmic radiation is approxi-
mately 10−2 between 1 and 100 GV but can be reduced to a negligible level after
electrons are selected using calorimeter information. The proton-to-positron flux
ratio, however, increases from approximately 103 at 1 GV to approximately 104

at 100 GV.
The results we summarize are based on the data-set collected by PAMELA

between July 2006 and February 2008. More than 109 triggers were accumu-
lated during a total acquisition time of approximately 500 days. From these
triggered events, 151,672 electrons and 9,430 positrons were identified in the
energy interval 1.5 - 100 GeV. Between 5-10 GeV, the PAMELA positron frac-
tion is compatible with other measurements but, above 10 GeV, the PAMELA
results clearly show that the positron fraction increases significantly with en-
ergy, something that cannot be understood by standard models describing the
secondary production of cosmic-rays. Either a significant modification in the
acceleration and propagation models for cosmic-rays is needed, or a primary
component is present. There are several interesting candidates for a primary
component, including the annihilation of dark matter particles in the vicinity
of our galaxy. There may also be a contribution from near-by astrophysical
sources, such as pulsars. In fact, other scientists argue that the anomaly could
have a more mundane explanation in that it is simply caused by positrons emit-
ted by nearby pulsars [1].

ATIC contains a deep, fully active, bismuth germanate calorimeter of 18
radiation lengths in eight layers arranged in orthogonal pairs to measure the
energy deposited through a cascade of nuclear and electromagnetic interactions.
At each step of the cascade, the energy of the primary particle is subdivided
among many secondary particles.

Below 100 GeV, the ATIC spectrum agrees with previous data, but above
100 GeV, the results depart from the calculated curve. They show an excess
electron flux up to about 650 GeV, above which the spectrum drops rapidly,
with a return to the “general” spectrum line at 800 GeV.

The observed electron “feature” therefore indicates a nearby source of high-
energy electrons. This may be the result of an astrophysical object , as energetic
electrons have been observed in a variety of astrophysical sites (for example in a
supernova remnant, pulsar wind nebula, micro-quasar or accreting intermediate-
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mass black hole). To fit the electron excess, such a source would need a very
steep energy spectrum with a high-energy cut-off at about 600-700 GeV, so as
not to overproduce teraelectronvolts electrons. It is possible that a micro-quasar
could produce a sharp feature in the electron spectrum, but such an object would
need to be local (less than 1 kpc away) and active relatively recently.

An alternative explanation invokes annihilation of dark matter particles.
There has been considerable theoretical work on the predicted dark matter
distribution in the Galaxy as well as on the production and propagation of the
products of dark matter annihilations. Electrons and positrons are predicted as
products of the annihilation of some exotic particles suggested as dark matter
candidates, including WIMPs and neutralinos (we have already faced them),
and particles resulting from theories involving compactified extra dimensions -
the Kaluza-Klein particles. The annihilation of supersymmetric and Kaluza-
Klein types of dark matter can proceed through different channels including
production of either electron-positron pairs or high-energy γ-rays [12].
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Chapter 3

Potential theory of
gravitational fields

In this chapter we start with a brief summary of some results of potential theory
and use them to calculate the gravitational potentials of certain distributions
of matter approximating the density of interplanetary dust (ID). However, we
stress that LISA will experience the effects due to both ID and dark matter
(DM), which are indistinguishable, i.e., the constellation will experiment the
gravitational potential originated by the mixture of these two components of
the Solar System. At the end of the thesis, we will discuss about the possibility
to estimate the two contributions separately.

3.1 General results

Our goal is to calculate the force field ~F (~x) on a unit mass at position ~x that
is generated by the gravitational attraction of a mass distribution ρ(~x) (in this
chapter we follow the approach in Ref. [6]). According to Newton inverse-
square law of gravitation, the force ~F (~x) can be obtained by summing the small
contributions to the overall force from each small element of volume d3~x′ located
at ~x′:

~F (~x) = G

∫
~x′ − ~x
|~x′ − ~x|3

ρ(~x′)d3~x′. (3.1)

If we define the gravitational potential Φ(~x) by

Φ(~x) = −G
∫

ρ(~x)
|~x′ − ~x|3

d3~x′, (3.2)

we can write ~F (~x) as

~F (~x) = −∇Φ(~x).

Since the force is determined by the gradient of a potential, the gravitational
force is conservative.

If we take the divergence of Eq. (3.1), we obtain the Poisson equation relating
the potential Φ(~x) to the density ρ(~x):
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∇2Φ(~x) = 4πGρ(~x). (3.3)

In the special case ρ(~x) = 0, we have the Laplace equation

∇2Φ(~x) = 0.

If we integrate both sides of Eq. (3.3) over an arbitrary volume containing total
mass M , and then apply the divergence theorem, we obtain

4πG
∫
ρ(~x)d3x = 4πGM =

∫
∇2Φ(~x)d3x =

∫
∇Φ(~x) · d2S. (3.4)

This result is the well known Gauss theorem: the integral of the normal com-
ponent of ∇Φ(~x) over any closed surface equates 4πG times the mass contained
within that surface.

3.2 Spherical systems

3.2.1 Newton’s theorems

Newton proved two theorems that enable us to calculate the gravitational po-
tential of any spherically symmetric distribution of matter very easily:

• Newton’s first theorem: a body that is inside a spherical shell of matter
experiences no net gravitational force from the shell;

• Newton’s second theorem: the gravitational force on a body that lies
outside a closed spherical shell of matter is the same as it would be if all
the shell’s matter were concentrated into a point at its center.

An important corollary of Newton’s first theorem is that the gravitational po-
tential inside an empty spherical shell is constant because ∇Φ = −~F = ~0. Thus,
if we define ~r, the vector on the radial direction, we may evaluate the potential
Φ(~r) inside the shell by calculating the integral expression (3.2) for ~r located at
any interior point. The most convenient location of the origin of ~r is the center
of the shell, since all points on the shell are at the same distance R, and one
immediately has

Φ = −GM
R

. (3.5)

The newtonian gravitational potentials of different spherical shells add lin-
early, so we may calculate the gravitational potential at ~r generated by an arbi-
trary spherically symmetric density distribution ρ(~r′) in two parts by adding the
contributions to the potential produced by shells with r′ < r, and with r′ > r.
We therefore obtain

Φ(r) = −4πG
[
1
r

∫ r

0

ρ(r′)r′2dr′ +
∫ ∞

r

ρ(r′)r′dr′
]
. (3.6)

From Newton’s first and second theorem or from Eq. (3.6), it follows that
the gravitational attraction of the density distribution ρ(r′) on a unit test mass
at radius r is entirely determined by the mass interior to r:
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~F (r) = −dΦ
dr
r̂ = −GM(r)

r2
r̂, (3.7)

where

M(r) = 4π
∫ r

0

ρ(r′)r′2dr′

and r̂ is the unit vector in the radial direction.
An important property of a spherical matter distribution is its circular speed

vc(r), defined to be the speed of a test particle in a circular orbit at radius r.
Once we have Φ(r) or ~F (r), we may readily evaluate vc from

v2
c = r

dΦ
dr

= r
∣∣∣~F ∣∣∣ = GM(r)

r
. (3.8)

The circular speed measures the mass interior to r. A second important quantity
is the escape speed ve defined by

ve(r) =
√

2 |Φ(r)|, (3.9)

i.e., the minimum speed a body needs to escape a gravitational field.

3.2.2 Gravitational potential of some simple systems

It is instructive to discuss the potentials generated by some simple density dis-
tributions:

Point mass

In this case 

Φ(r) = −GM
r

vc(r) =
√

GM
r

ve(r) =
√

2GM
r

(3.10)

Any circular speed that decreases with increasing radius as r−1/2 is often referred
to as keplerian because Kepler first understood that vc ∝ r−1/2 in the solar
system.

Homogeneous sphere

If the density is some constant ρ, we have M(r) = 4
3πr

3ρ and

vc =

√
4πGρ

3
r. (3.11)

In this case, the circular velocity increases linearly with radius, and the orbital
period of a mass on a circular orbit is

T =
2πr
vc

=
√

3π
Gρ

. (3.12)
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independent of the radius of its orbit.
If a test mass is released from rest at radius r in the gravitational field of a

homogeneous body, its equation of motion is

d2r

dt2
= −GM(r)

r2
= −4πGρ

3
r, (3.13)

which is the equation of motion of a harmonic oscillator of angular frequency
2π/T . Therefore, no matter what is the initial value of r, the test mass will
reach r = 0 in a quarter of a period, or in a time

tdyn =
T

4
=
√

3π
16Gρ

, (3.14)

which also represents the free-falling time, i.e., the characteristic time of the
gravitational collapse of a body if no other force opposes. From Eq. (3.6), it
follows that, if the density vanishes for r > a, the gravitational potential is1

Φ(r) =


−2πGρ

(
a2 − 1

3r
2
)

r < a

− 4πGρa3

3r r > a

(3.15)

and, remembering that potentials are defined up to an additive constant, we
can write, for a generic internal point,

Φ(r) =
2
3
πGρr2 = −1

2
kr2, (3.16)

where
k = −4

3
πGρ. (3.17)

Power-law density profile

As we have discussed in chapter 2, the following density profile,

ρ(r) = ρ0

(r0
r

)α

, (3.18)

with ρ0 and r0 constants, represents the radial dependence of ID distribution.
The mass inside a sphere of radius r is

M(r) =
∫ 2π

0

dφ

∫ π

0

sin θdθ
∫ r

0

ρ(r′)r′2dr′ =
4πρ0r

α
0

3− α
r3−α,

where we assumed α < 3 to avoid divergences. The potential is

Φ(r) =
4πGρ0r

α
0

(3− α) (2− α)
r2−α = − 1

2− α
kr2−α, (3.19)

where k = − 4πGρ0rα
0

3−α , and the gravitational acceleration ~γ(r) is

~γ(r) = kr1−αr̂. (3.20)

1Dust distribution presents an inferior cut-off, at 0.09 AU from the Sun, which will be
disregarded because of the negligible effects it induces.
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3.3 Ellipsoidal systems

We drop the spherical symmetry and turn to ellipsoidal systems, whose isoden-
sity surfaces are similar concentric ellipsoids; in this section we obtain only the
potentials of oblate figures of rotation but our analysis is easily generalized to
prolate figures of rotation and can be extended to ellipsoidal bodies with three
distinct principal axes.

3.3.1 Axisymmetric systems

Spheroidal bodies make use of spheroidal coordinates, so we consider the Laplace
equation, ∇2Φ = 0, in oblate spheroidal coordinates. These coordinates employ
the usual azimuthal angle φ of cylindrical coordinates, but replace the coordi-
nates (R, z) with the new coordinates (µ, ν) that are defined by

R = ∆ coshµ sin ν z = ∆sinhµ cos ν, (3.21)

where ∆ is a constant.

x

z

Figure 3.1: Curves of constant µ (ellipses) and constant ν (hyperbolae) in (x, z)
plane

The curves µ = const are confocal ellipses with foci at (R, z) = (±∆, 0), and
the curves ν = const are the hyperbolae formed by the normals to these ellipses.
In order to ensure that each point has a unique ν-coordinate, we exclude the
disk z = 0.

If we vary in turn µ, ν, and φ by small amounts while holding the other two
coordinates constant, the point (µ, ν, φ) moves parallel to the three orthogonal
unit vectors êµ, êν , êφ by the distances hµδµ, hνδν and hφδφ, where the scale
factors are 

hµ = ∆
√

sinh2 µ+ cos2 ν

hν = ∆
√

sinh2 µ+ cos2 ν

hφ = ∆coshµ sin ν

(3.22)

Hence the gradient of a potential Φ may be expressed in these coordinates
as
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∇Φ =
1

∆
√

sinh2 µ+ cos2 ν

[
∂Φ
∂µ

êµ +
∂Φ
∂ν

êν

]
+

1
∆ coshµ sin ν

∂Φ
∂φ

êφ. (3.23)

We consider potentials that are functions Φ(µ) of the coordinate µ. For
these potentials, Laplace equation ∇2Φ = 0 reduces to

d

dµ

(
coshµ

dΦ
dµ

)
= 0. (3.24)

Solutions of the above equation are
Φ = Φ0

dΦ
dµ = Φ0sechµ ,

(3.25)

where Φ0 is a constant. Integrating the second equation we find

Φ = Φ0 [arctan (sinhµ) + ψ0] = Φ0

[π
2
− arcsin (sechµ) + ψ0

]
. (3.26)

For µ large, sechµ→ 0, so a potential of the form (3.26) varies as

Φ ≈ Φ0

(π
2

+ ψ0 − sechµ
)
≈ Φ0

(
π

2
+ ψ0 −

∆
r

)
, (3.27)

where r is the usual spherical radius. Hence, if we set ψ0 = −π
2 and Φ0 =

GM/∆, the Φ given by Eq. (3.26) tends to zero at infinity like the gravitational
potential of a body of mass M . We thus introduce for the potential the ansatz

Φ = −GM
∆

·

 arcsin(sechµ0) (µ < µ0)

arcsin(sechµ) (µ ≥ µ0) .
(3.28)

This potential is everywhere continuous and solves ∇2Φ = 0 everywhere except
on the spheroid µ = µ0. Hence it represents the gravitational potential of a
shell of material on the surface µ = µ0. This shell has principal semi-axes of
lengths a ≡ ∆coshµ0 and b ≡ ∆sinhµ0 and the shell eccentricity reads

e ≡
√

1− b2

a2
= sechu0; (3.29)

Then we can write Eqs. (3.28) as

Φ = −GM
ae

·

 arcsin(e) (µ < µ0)

arcsin(sechµ) (µ ≥ µ0) .
(3.30)

We can find the surface density of the shell µ = µ0 by applying Gauss theorem
to the potential (3.30). Since ∇Φ = 0 inside the shell, by Eq. (3.23) the surface
density of the shell is

Σ(µ, ν) =
êµ · ∇Φ

4πG
=

M

4πa
√
b2 + a2e2 cos2 ν

. (3.31)

54



Eq. (3.31) has a simple physical interpretation: Σ(µ, ν) is the surface density
of the thin shell of uniform density that is bounded by the two surfaces β = 1
and β = 1 + δβ of the set of similar spheroids,(

R2

a2
+
z2

b2

)
= β2 = const .

One can show that the potential (3.30) is indeed generated by a thin shell of
uniform density that is bounded by similar spheroids. We call such a shell a thin
homoeoid and have the Homoeoid theorem: the exterior isopotential surfaces
of a homoeoidal shell of negligible thickness are the spheroids that are confocal
with the shell itself. Inside the shell the potential is constant.

We use Eq. (3.30) to calculate the gravitational potential of a body whose
isodensity surfaces are the similar spheroids

const = m2 ≡ R2 +
z2

1− e2
, (3.32)

i.e., a body in which ρ = ρ(m2). The volume inside an oblate spheroidal shell
with semiaxis-lengths a and b is

V =
4
3
πa2b =

4
3
πa3
√

1− e2,

so the mass of the thin homoeoid that is bounded by the surfaces m and m+δm
is

δM ≈ 4
3
πρ(m2)

√
1− e2δ(m3). (3.33)

There is a unique family of confocal spheroids such that one member of the fam-
ily coincides with the homoeoid m. Let µm(R0, z0) be the label of the member
of this family that passes through the point (R0, z0) at which the potential is
required. Then if (R0, z0) lies inside the homoeoid m, we have, on setting a = m
in Eq. (3.30) and substituting for δM from Eq. (3.33), that the contribution of
m to the potential at (R0, z0) is

δΦint = δΦ(R0, z0) = −2πG
√

1− e2

e
arcsin(e)ρ(m2)δ(m2). (3.34)

Similarly, if (R0, z0) lies outside the homoeoid,

δΦext = δΦ(R0, z0) = −2πG
√

1− e2

e
arcsin(sechum)ρ(m2)δ(m2) (3.35)

The potential of the entire body is the sum of these contributions from all the
homoeoids that make up the body. If we define

ψ(m) ≡
∫ m2

0

ρ(m2)dm2, (3.36)

the sum of the δΦint is
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∑
m>m0

δΦint = −2πG
√

1− e2

2
arcsin(e)[ψ(∞)− ψ(m)], (3.37)

where m0 is the label of the homoeoid that passes through (R0, z0),

m2
0 ≡ R2

0 +
z2
0

1− e2
. (3.38)

Similarly,

∑
m<m0

δΦext = −2πG
√

1− e2

e

∫ m2

0

arcsin(sechµm)ρ(m2)dm2. (3.39)

Integrating this equation by parts,

∑
m<m0

δΦext = −2πG
√

1− e2

e
×

×

{
[ψ(m) arcsin(sechµm)]m0

m=0 −
∫ m0

m=0

ψ(m)dsechµm√
1− sech2µm

}
. (3.40)

The quantity µm appearing in Eq. (3.40) is a function µm(R0, z0) by virtue of
the condition that µm labels the spheroid through (R0, z0), which is confocal
with the homoeoid m = const. Let the ∆ parameter of the family of spheroids
containing m be ∆m, and let µ∗ be the label of the homoeoid m within this
family. Then m = ∆mcoshµ∗ and

√
1− e2m = ∆msinhµ∗, so ∆m = me, and

from Eq. (3.21) we have

R2
0

∆2
mcosh2µm

+
z2
0

∆2
msinh2µm

= 1, (3.41)

that implies

R2
0

1 + sinh2µm

+
z2
0

sinh2µm

= m2e2, (3.42)

which is the required equation for µm. Thus, in particular, m = 0 implies
sinhµm = ∞, and m = m0 implies sinhµm =

√
1− e2/e. Inserting these limits

into Eq. (3.40), and adding the result to Eq. (3.37), we find

Φ(R0, z0) = −2πG
√

1− e2

e
·

{
ψ(∞) arcsin e−

∫ ∞

sinhµm=
√

1−e2/e

ψ(m)
dsinhµm

1 + sinh2µm

}
.

(3.43)
We can cast this equation into a slightly more aesthetic form if we define a new
variable of integration

τ ≡ a2
0e

2

[
sinh2µm −

(
1
e2
− 1
)]

,

where a0 is any constant. Then it must be
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R2
0

τ + a2
0

+
z2
0

τ + b20
=
m2

a2
0

(b0 ≡
√

1− e2a0),

and we eventually have

Φ(R0, z0) = −2πG
√

1− e2

e
·

{
ψ(∞) arcsin e− a0e

2

∫ ∞

0

ψ(m)dτ
(τ + a2

0)
√
τ + b20

}
.

(3.44)

3.3.2 Applications to spheroidal systems

We will focus on two particular distributions: an homogeneous oblate ellipsoid
and an oblate ellipsoid whose density exhibits a radial and angular dependence.

Homogeneous spheroid

We follow a different approach to the calculation of the internal gravitational
potential of an ellipsoid with constant density ρ [34]. We start from the equation
for a generic ellipsoid in R3,

x2

a2
+
y2

b2
+
z2

c2
= 1

and calculate the potential for an internal point P .

Figure 3.2: Ellipsoidal distribution of matter and the two solid angles dΩ defined
in the text.

Consider the attraction of the elementary cones with their vertices at P and
of solid angle dΩ, see Fig. (3.2). The potentials of the two elements of mass at
P are

Gρ

2
r21dΩ and

Gρ

2
r22dΩ,
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Then the total potential is

Φ =
Gρ

2

∫
(r21 + r22)dΩ. (3.45)

Now if (x, y, z) are the coordinates of P relative to the principal axes of the
ellipsoid and (l,m, n) the direction cosines, then r1 and r2 are the roots of the
quadratic equation

(x+ rl)2

a2
+

(x+ rm)2

b2
+

(x+ rn)2

c2
= 1. (3.46)

Thus

r21 + r22
2

=
l2

a2

(
2x2

a2 + U
)

+ m2

b2

(
2y2

b2 + U
)

+ n2

c2

(
2z2

2 + U
)

+ V(
l2

a2 + m2

b2 + n2

c2

)2 (3.47)

where 
U = 1− x2

a2 − y2

b2 −
z2

c2

V = 4
(

mnyz
b2c2 + nlzx

a2c2 + lmxy
a2b2

)
.

(3.48)

Now obviously ∫
V dΩ(

l2

a2 + m2

b2 + n2c2
)2 = 0,

and thus we have

Φ = Uϕ+
x2

a

∂ϕ

∂a
+
y2

b

∂ϕ

∂b
+
z2

c

∂ϕ

∂c
(3.49)

where

ϕ =
∫

dΩ
l2

a2 + m2

b2 + n2

c2

. (3.50)

To evaluate this last integral we use ordinary spherical polar coordinates with
the x-axis as polar axis and P as origin. We have then

l = cos θ, m = sin θφ, n = sin θ sinφ, dΩ = sin θdθdφ,

so that

ϕ =
∫ π/2

0

∫ 2π

0

sin θdθdφ
cos2 θ

a2 + cosφ sin2 θ
b2 + sin2 θ sin2 φ

c2

=
∫ π/2

0

sin θdθ
∫ 2π

0

dφ

sin2 φ
(

sin2 θ
c2 + cos2 θ

a2

)
+ cos2 φ

(
sin2 θ

b2 + cos2 θ
a2

)
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= 2π
∫ π/2

0

sin θdθ√(
sin2 θ

c2 + cos2 θ
a2

)(
sin2 θ

b2 + cos2 θ
a2

) (3.51)

Now put t = a2 tan2 θ and then the integral reduces to

ϕ = πabc

∫ ∞

0

dt√
(a2 + t)(b2 + t)(c2 + t)

, (3.52)

The potential at the point P is therefore

Φ = πGρabc

∫ ∞

0

dt√
(a2 + t)(b2 + t)(c2 + t)

(
1− x2

a2 + t
− y2

b2 + t
− z2

c2 + t

)
;

(3.53)
this becomes

Φ = k
(
Φ0 −Ax2 −By2 − Cz2

)
, (3.54)

where 

Φ0 =
∫∞
0

dt√
(a2+t)(b2+t)(c2+t)

A =
∫∞
0

dt

(a2+t)
√

(a2+t)(b2+t)(c2+t)

B =
∫∞
0

dt

(b2+t)
√

(a2+t)(b2+t)(c2+t)

C =
∫∞
0

dt

(c2+t)
√

(a2+t)(b2+t)(c2+t)
.

(3.55)

and k = πGρabc

Ellipsoidal distribution with power-law density profile

Let us assume an ellipsoidal distribution of matter characterized by the density
law:

ρ = ρ0

(r0
r

)α 1[
1 + (γE sin θ)2

]α/2
, (3.56)

where α, γE , ρ0 and r0 are constants. Isodensity surfaces are confocal ellipsoids,
i.e., density profile is a function of the semi-major axis only. This is the formula
that better reproduces the observations of zodiacal light; in addition, it is the
most general distribution among the four we will study, because it provides the
other models for certain values of α and γE : α = γE = 0 is the homogeneous
sphere, α 6= 0 and γE = 0 corresponds to the sphere with power law density
profile, α = 0 and γE 6= 0 is the homogeneous ellipsoid.

We start from the previous relation and write

r = r0

(
ρ0

ρ

) 1
α 1[

1 + (γE sin θ)2
]1/2

⇒ r2 = r20

(
ρ0

ρ

) 2
α 1

1 + (γE sin θ)2
(3.57)
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and compare it with the equation, in polar coordinates, of an ellipse centered
in the origin of the axes,

r2 =
a2
(
1− e2

)
1− e2 cos2 θ

,

where a and e are the semi-major axis and the eccentricity of the ellipsoidal
isodensity surface passing through the point whose gravitational acceleration
we want to calculate. We get the relations

ρ(a) = ρ0

(
r0
a

)α
e = γE√

1+γ2
E

;
(3.58)

we see that, for γE = 0, we get spherical models and that for α = 0 the
distribution is homogeneous. We proceed now by substituting a with m and
writing

ρ(m2) = ρ0r
α
0

(
1
m2

)α
2

,

which yields

ψ(m) =
∫ m2

0

ρ(m′2)dm′2 =
2ρ0r

α
0

2− α
(m2)1−

α
2 . (3.59)

We recall that, for interplanetary dust, α = 1.3 and therefore we have no diver-
gences. Since

m2 = a2
0

(
R2

0

τ + a2
0

+
z2
0

τ + b20

)
,

where a0 and b0 are the values of the semi-major and semi-minor axes of the
ellipsoidal distribution of matter, we find that

ψ (m (R0, z0)) =
2ρ0r

α
0

2− α

[
a2
0

(
R2

0

τ + a2
0

+
z2
0

τ + b20

)]1−α
2

. (3.60)

We consider Eq. (3.44) and focus on the potential at a generic internal point
(R0, z0); if we perform calculations, we get

Φ(R0, z0) =
2a3−α

0 πG
√

1− e2ρ0r
α
0

2− α

∫ ∞

0

(
R2

0

τ + a2
0

+
z2
0

τ + b20

)1−α
2 dτ

(τ + a2
0)
√
τ + b20

.

(3.61)
It is easy to verify that, for α or e equal to zero, we find the potentials previously
discussed.

We write

Φ(R0, z0) = k

∫ ∞

0

(
R2

0

τ + a2
0

)1−α
2
[
1 +

τ + a2
0

R2
0

z2
0

τ + b20

]1−α
2 dτ

(τ + a2
0)
√
τ + b20

,

(3.62)
where

k =
2a3−α

0 πG
√

1− e2ρ0r
α
0

2− α
.
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Since, for LISA orbits, we have that the inclination i ≈ O(e), i.e., i ≈ 10−2, we
can expand in series of z0/R0. We know that, for small values of ξ,

(1 + ξ)ν =
∞∑

n=0

(
ν
n

)
ξn,

and therefore one can write

Φ(R0, z0) = k
∞∑

n=0

(
1− α

2
n

)∫ ∞

0

(
R2

0

τ + a2
0

)1−α
2
[
τ + a2

0

R2
0

1
τ + b20

]n
z2n
0

(τ + a2
0)
√
τ + b20

dτ.

(3.63)
The term with n = 0 is

Φ0 (R0) = k

∫ ∞

0

(
R2

0

τ + a2
0

)1−α
2 1

(τ + a2
0)
√
τ + b20

dτ (3.64)

and, if α = 0, we find

Φ0 (R0) = a3
0πGρ0

√
1− e2R2

0

∫ ∞

0

dτ

(τ + a2
0)
√

(τ + a2
0)

2 (τ + b20)
, (3.65)

that represents two terms of the expression of the potential for an homogeneous
ellipsoidal model, those that provide the components of the gravitational field
in the ecliptic plane.

The term with n = 1 is

Φ1 (R0, z0) =
(
1− α

2

)
kR

−α
2

0 z2
0

∫ ∞

0

dτ

(τ + a2
0)

1−α/2 (τ + b20)
3/2

(3.66)

and, putting α = 0 again, we get the component of the gravitational acceleration
field orthogonal to the ecliptic plane for an homogeneous spheroidal system, i.e.,

Φ1 (z0) = a3
0πGρ0

√
1− e2z2

0

∫ ∞

0

dτ

(τ + b20)
√

(τ + b20) (τ + a2
0)

2
; (3.67)

we have shown that truncating the series at the second term provides a good
approximation to our gravitational potential, i.e.,

Φ(R0, z0) = Φ0(R0) + Φ1(R0, z0) +O(z2
0). (3.68)

We stress that this relation holds only for small values of z0, which is the case
of the LISA orbits, being z0/R0 ≈ i ≈ 10−2

3.4 Multipole expansion

In previous sections we calculated the potentials generated by spherical and
ellipsoidal distributions of matter; here we show the formal calculation of the
potential of an arbitrary distribution of matter.
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Our first step is to obtain the potential of a thin spherical shell of variable
surface density. If the shell is of negligible thickness, the task of solving the
Poisson equation ∇2Φ = 4πGρ reduces to that of solving the Laplace equation
∇2Φ = 0 inside and outside the shell, subject to suitable boundary conditions
at infinity, at the origin and on the shell.

Now, in spherical coordinates, the Laplace equation is

1
r2

∂

∂r

(
r2
∂Φ
∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂Φ
∂θ

)
+

1
r2 sin2 θ

∂2Φ
∂φ2

= 0 (3.69)

This may be solved by the method of separation of variables if we seek special
solutions that are the product of functions of one variable only,

Φ(r, θ, φ) = R(r)P (θ)Q(φ). (3.70)

If we introduce the Legendre functions, P (x), we find that a possible solution is

Φlm(r, θ, φ) =
[
Almr

l +Blmr
−l(l+1)

]
Y m

l (θ, φ), (3.71)

where Alm and Blm are constants, l are non negative integers, m are integer
numbers in the range −l ≤ m ≤ l and Y m

l (θ, φ), the spherical harmonics, are
proportional2, to P |m|

l (cos θ) eimφ. Φlm(r, θ, φ) is thus a solution of ∇2Φ = 0.
Let us apply the special solutions defined by equation (3.71) to the problem

of determining the potential of a thin shell of radius a and surface density
σ(θ, φ). We write the potential as

Φint(r, θ, φ) =
∞∑

l=0

l∑
m=−l

[
Almr

l +Blmr
−(l+1)

]
Y m

l (θ, φ) (r ≤ a) (3.73)

and

Φext(r, θ, φ) =
∞∑

l=0

l∑
m=−l

[
Clmr

l +Dlmr
−l(l+1)

]
Y m

l (θ, φ) (r ≥ a). (3.74)

The potential at the center must be finite, so Blm = 0 for all l,m. Similarly,
the potential at infinity must be finite, so Clm = 0 for l > 0, and we may choose
the zero of the potential so that C00 = 0. Now let us expand the surface density
as

σ(θ, σ) =
∞∑

l=0

l∑
m=−l

σlmY
m
l (θ, φ), (3.75)

2The proportionality constant is chosen so that the Y m
l satisfy the orthogonally relation∫ π

0
sin θdθ

∫ 2π

0
dφY m

l (θ, φ)Y m′
l′ (θ, φ) = δll′δm,m′ , (3.72)

where δi,j is unity if i = j and zero otherwise.
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where the σlm are numbers yet to be determined. To obtain the coefficients
σl′m′ , we multiply both sides of equation (3.75) by Y m′

l′ (θ, φ) sin θ and integrate
over all angles. With equation (3.72) we find∫ π

0

sin θdθ
∫ 2π

0

dφY m′

l′ (θ, φ)σ(θ, φ) = σl′m′ . (3.76)

Notice that σ00 = M/(2a2
√
π), where M is the mass of the shell. If we apply

Gauss theorem to a small piece of the shell and perform calculations, we have
that


Φint(r, θ, φ) = −4πGa

∑∞
l=0

(
r
a

)l∑l
m=−l

σlm

2l+1Y
m
l (θ, φ)

Φext(r, θ, φ) = −4πGa
∑∞

l=0

(
a
r

)(l+1)∑l
m=−l

σlm

2l+1Y
m
l (θ, φ).

(3.77)

We may now evaluate the potential of a solid body by breaking it down into a
series of spherical shells. We let δσlm(a) be the σ-coefficient of the shell lying
between a and a + δa, and δΦ(r, θ, φ; a) be the corresponding potential at r.
Then we have

δσlm(a) =
∫ π

0

sin θdθ
∫ 2π

0

dφY m
l (θ, φ)ρ(a, θ, φ)δa ≡ ρlm(a)δa. (3.78)

Substituting these values of σlm into equations (3.77) and integrating over all
a, we obtain the potential at r generated by the entire collection of shells:

Φ(r, θ, φ) = −4πG
∑
l,m

Y m
l (θ, φ)
2l + 1

[
1

r(l+1)

∫ r

0

ρlm(a)a(l+2)da+ rl

∫ ∞

r

ρlm(a)
da

a(l−1)

]
.

(3.79)
This equation gives the potential generated by the body as an expansion in
multipoles: the term associated with l = m = 0 are the monopole terms, those
associated with l = 1 are dipole terms, those with l = 2 are quadrupole terms
and so forth. The monopole terms are the same as the two terms in equation
(3.6). Since there is no gravitational analog of negative charge, the monopole
terms are always at least as important as any of the terms arising from higher-
order multipoles. In particular, if one places the origin of coordinates at the
center of mass of the system, the dipole term vanishes identically outside any
matter distribution. While the monopole terms generate a circular speed curve
vc(r) =

√
GM(r)/r that never decreases with increasing r more steeply than

in the Keplerian case (vc ∝ r−1/2), the higher-order multipoles may cause the
circular speed to fall more steeply with increasing radius. However, this behavior
never extends over a large range of r.

63



64



Chapter 4

First integrals of motion
and perturbation theory

Perturbation theory is a very broad subject with applications in many areas of
the physical sciences. The basic principle is to find a solution to a problem that is
similar to the one of interest and then to cast the solution to the target problem
in terms of parameters related to the known solution. Usually these parameters
are similar to those of the problem with the known solution and differ from
them by a small amount. The small amount is known as a perturbation and
hence the name perturbation theory [13].

In this chapter we will calculate the relations between the first integrals of
motion and orbital parameters thanks to Noether’s theorem and action-angle
variables formalism. Such relations state that the time evolution of a system
can be studied both in phase or orbital parameters spaces: we will apply per-
turbation theory in parameters space, where LISA dynamical problem will be
conveniently handled.

4.1 LISA first integrals of motion

We are interested in the solution of the LISA dynamical problem. In fact, if we
calculate the displacement of LISA masses, δL, from the unperturbed relative
distances L, due to interplanetary dust, we can compare (δL/L)ID with the
curve of sensitivity in Fig. (1.3) and infer the importance of interplanetary dust
when trying to detect gravitational waves, i.e. the feasibility of the measure we
are interested in.

In this section we will introduce and use Noether’s theorem, a fundamen-
tal tool in many areas of physics, that provides the conserved quantities for a
dynamical system.

4.1.1 Noether’s theorem

The connection between the existence of conserved quantities and the behav-
ior of a system under transformations of the variables has been studied in a
completely general way and the result is contained in a celebrated theorem
enunciated by Emmy Noether in 1918.
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We will handle transformations acting in the (t, ~q, ~̇q) space. We call Q the
configuration space; we know, from differential geometry, that Q is a differen-
tiable manifold and that TQ, the space of qi’s and q̇i’s, in the same language
is the tangent bundle of Q. We work in R × TQ and consider transformations
depending on a real parameter ε:

t̄ = ϕ(t, ~q, ~̇q, ε), q̄k = ψk(t, ~q, ~̇q, ε), k = 1, 2, . . . , n (4.1)

with the understanding that the transformations of the q̇i’s are not independent,
but come from Eq. (4.1).

Usually, the transformations which one encounters form a group; here we
consider only one-parameter Lie groups; nevertheless the results we present do
not require explicit use of the concept of group. The functions ϕ and ψk must
be at least C2 in each of the 2n+2 arguments and the parameter ε will be such
that ε ∈ I ⊂ R, where I includes the origin as interior point. Moreover,

ϕ(t, ~q, ~̇q, 0) = t ψk(t, ~q, ~̇q, 0) = qk

Under the above assumptions, we can expand (4.1) in Taylor series in the
neighborhood of ε = 0, taking into account only first-order terms in ε:

t̄ = t+ τ(t, ~q, ~̇q)ε+O(ε) q̄k = qk + ξk(t, ~q, ~̇q)ε+O(ε). (4.2)

The principal linear parts, τ and ξk, of t̄ and q̄k with respect to ε in ε = 0 are
called infinitesimal generators of the transformations ϕ and ψk; they are

τ(t, ~q, ~̇q) =
∂ϕ

∂ε
(t, ~q, ~̇q, 0) ξk(t, ~q, ~̇q) =

∂ψk

∂ε
(t, ~q, ~̇q, 0).

The transformations defined by Eqs. (4.2) are the infinitesimal transformations
associated with (4.1). From now on we therefore consider the transformations

t̄ = t+ τ(t, ~q, ~̇q)ε q̄k = qk + ξk(t, ~q, ~̇q)ε, (4.3)

from which we also obtain the variations of the q̇k’s; the derivatives τ̇ and ξ̇k
will be evaluated on arbitrary curves t → ~q(t), with t ∈ [a, b] ⊂ R. Through
Eqs. (4.3), a curve t → ~q(t) is transformed to t̄ → ~q(t̄); to first order in ε, we
have

dq̄i
dt̄

=
dq̄i
dt

dt

dt̄
=
q̇i + εξ̇i
1 + ετ̇

≈ q̇i + ε
(
ξ̇i − q̇iτ̇

)
. (4.4)

We say that the infinitesimal transformation (4.3) leaves the action invariant up
to gauge terms, if a function f = f(t, ~q, ~̇q) exists such that, for any differentiable
curve t→ ~q(t), one has

∫ t̄2

t̄1

L
[
t̄, q̄(t),

d

dt̄
~̄q

]
dt̄ =

∫ t2

t1

L(t,~t, ~̇q(t))dt+ ε

∫ t2

t1

df

dt
dt+O(ε) (4.5)

with [t1, t2] ⊂ [a, b]. Transforming the first integral back to the interval [t1, t2],
Eq. (4.5) becomes
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L
[
t̄, ~̄q(t̄),

d

dt̄
~̄q(t̄)

]
dt̄

dt
= L

(
t, ~q(t), ~̇q(t)

)
+ ε

df
(
t, ~q(t), ~̇q(t)

)
dt

+O(ε), (4.6)

which must hold for a whole family of curves t→ ~q(t) and therefore must be an
identity in t, ~q, ~̇q. Developing and retaining only first-order terms we get

L
[
t̄, ~̄q(t̄),

d

dt̄
~̄q(t̄)

]
(1 + ε τ̇) = L

(
t, ~q(t), ~̇q(t)

)
+ ε

df

dt
, (4.7)

and also

∂L
∂t
δt+

∂L
∂qi

δqi +
∂L
∂q̇i

δq̇i + Lε τ̇ = ε
df

dt
. (4.8)

From Eq. (4.4) one has δq̇i = ε
(
ξ̇i − q̇iτ̇

)
. Moreover, taking into account that

τ̇ =
∂τ

∂t
+
∂τ

∂qi
q̇i +

∂τ

∂q̇i
q̈i, ξ̇i =

∂ξ

∂t
+
∂ξi
∂qj

q̇j +
∂ξi
∂q̇j

q̈j ,

we have

∂L
∂t
τ +

∂L
∂qi

ξi +
∂L
∂q̇i

[
∂ξi
∂t

+
∂ξi
∂qj

q̇j +
∂ξi
∂q̇j

q̈j − q̇i

(
∂τ

∂t
+
∂τ

∂qj
q̇j +

∂τ

∂q̇j
q̈j

)]

+L
(
∂τ

∂t
+
∂τ

∂qi
q̇i +

∂τ

∂q̇i
q̈i

)
=
∂f

∂t
+
∂f

∂qi
q̇i +

∂f

∂q̇i
q̈i. (4.9)

Now, Eq. (4.9) is an identity in t, q, q̇ and q̈, which means that the coefficients
of q̈i have to vanish separately, yielding the n+ 1 equations:

L ∂τ
∂q̇i

+
∂L
∂q̇j

(
∂ξi
∂q̇i

− ∂τ

∂q̇i
q̇j

)
=
∂f

∂q̇i
, i = 1, 2, . . . , n (4.10)

∂L
∂t
τ +

∂L
∂qi

ξi +
∂L
∂q̇i

[
∂ξi
∂t

+
∂ξi
∂qj

q̇j − q̇i

(
∂τ

∂t
+
∂τ

∂qj
q̇j

)]

+L
(
∂τ

∂t
+
∂τ

∂qi
q̇i

)
=
∂f

∂t
+
∂f

∂qi
q̇i. (4.11)

Eqs. (4.10) and (4.11) are given by n+1 partial differential equations, linear in
the n+1 unknown functions τ and ξi, and represent the necessary and sufficient
conditions for the action integral to be invariant up to gauge terms under the
infinitesimal transformations with generators τ and ξi. Eqs. (4.10) and (4.11)
are called generalized Killing equations. Let us see now what the consequence is
for the system of the invariance of the action integral under the transformations
we have considered. Go back to Eq. (4.9) and assume that, the qi(t)’s are
solutions of the equations of motion, i.e., they satisfy the Lagrange equations
with the lagrangian L. By using the identities
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∂L
∂t τ = dL

dt τ −
∂L
∂qi
q̇iτ − ∂L

∂q̇i
q̈iτ

∂L
∂q̇i

dξi

dt = d
dt

(
∂L
∂q̇i
ξi

)
− d

dt

(
∂L
∂q̇i

)
ξi

∂L
∂q̇i
q̇i

dτ
dt + ∂L

∂q̇i
q̈iτ = d

dt

(
∂L
∂q̇i
ẋiτ
)
− d

dt

(
∂L
∂q̇i

)
q̇iτ,

(4.12)

one obtains

∂L
∂t
τ − ∂L

∂qi
q̇iτ −

∂L
∂q̇i

q̈iτ +
∂L
∂qi

ξi +
d

dt

(
∂L
∂q̇i

ξi

)
− d

dt

∂L
∂q̇i

ξi

+
∂L
∂q̇i

q̈iτ −
d

dt

(
∂L
∂q̇i

q̇iτ

)
+
d

dt

∂L
∂q̇i

q̇iτ + Ldτ
dt

=
d

dt
(Lτ) +

d

dt

∂L
∂qi

(ξi − q̇iτ) +
d

dt

[
∂L
∂q̇i

(ξi − q̇iτ)
]
− d

dt

∂L
∂qi

(ξi − q̇iτ) =
df

dt
.

(4.13)
This is, finally

d

dt

[
Lτ +

∂L
∂q̇i

(ξi − q̇iτ)− f

]
= 0 (4.14)

and so, the first integral

I = Lτ +
∂L
∂q̇i

(ξi − q̇iτ)− f (4.15)

exists. Therefore, if we have a system with Lagrangian L, the invariance up to
gauge terms of the action integral under the transformation with generators τ
and ξi has as a consequence that I is an integral of the motion. This conclusion
constitutes the Noether’s theorem [7].

4.1.2 An application: the n-Dimensional Oscillator

We now focus on the n-dimensional oscillator. This system is particularly impor-
tant; in a certain sense, it is the unique meaningful model of an n-dimensional
physical system which is integrable for any n.

However, before continuing with the study of the oscillator, we should note
that in Eq. (4.15), one speaks of absolute invariance and of symmetry of the
Lagrangian or of invariance up to gauge terms and quasi-symmetry when f = 0
or not, respectively. For the oscillator we shall have both cases. Since in the
forthcoming applications we will handle Lagrangians not explicitly dependent
on time, L = L(~q, ~̇q), we will limit ourselves to transformations with

ξi = ξi(~q, ~̇q), τ = τ(~q, ~̇q), f = f(~q, ~̇q).

Consequently, the generalized Killing equations become

ξi
∂L
∂qi

+
∂L
∂q̇i

[
∂ξi
qj
q̇j − q̇iq̇j

∂τ

∂qj

]
+ L ∂τ

∂qi
q̇i =

∂f

∂qi
q̇i (4.16)
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L ∂τ
∂q̇i

+
∂L
∂q̇j

[
∂ξj
∂q̇i

− q̇j
∂τ

∂q̇i

]
=
∂f

∂q̇i
i, j = 1, 2, . . . , n (4.17)

Consider now an n-dimensional isotropic oscillator (of frequency ω and unit
mass). The Lagrangian will be

L =
1
2
q̇iq̇i −

1
2
ω2qiqi, (4.18)

and the equations of motion

q̈i + ω2qi = 0 i = 1, 2, . . . , n (4.19)

We now use Eqs. (4.16) and (4.17) for a systematic exploration of the first
integrals corresponding to the “simplest” transformations.

Energy

Let us begin by considering a transformation which is a pure “time translation”,
and of the simplest type, i.e. ξi ≡ 0,∀ i, and τ = const. One can immediately
check that, in this case, Eqs. (4.16) and (4.17) are identically satisfied with
f ≡ 0; τ being an arbitrary constant, we shall choose it equal to −1 for the sake
of simplicity. Then t̄ = t − ε, q̄i = qi. From Eq. (4.15), the corresponding first
integral is

−L+
∂L
∂q̇i

(q̇i) = q̇iq̇i − L = E = const, (4.20)

where E is the total energy of the oscillator. Therefore, the conservation of
energy corresponds to the invariance of the Lagrangian under time translations.
This is a more formal way of saying that the time is an ignorable coordinate.

Momentum

If we consider an infinitesimal space translation along the direction given by a
vector ê (arbitrary unit vector), then

δqi = εei, ξi = ei.

It is easy to check that the transformation could be Noetherian1 only if

qiei = 0,

that is ~q · ê = 0. It not being possible, in general, to satisfy this condition, this
transformation cannot be Noetherian and so the Lagrangian of the oscillator is
not invariant under space translations.

1Noetherian means that, given a system with Lagrangian L, I is a constant of motion.
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Angular momentum

Another simple case consists in a space transformation depending on the q’s:
the simplest one is when the dependence is linear, i.e.:

ξi = ωijqj , τ ≡ 0, (4.21)

where ω is a matrix with constant elements. Let us see what are the conditions,
for the matrix ω, by substituting (4.21) in Eqs. (4.16) and (4.17); if f = 0,

ωij(q̇iq̇j − ω2qiqj) = 0. (4.22)

Therefore the equation is identically satisfied under the condition that ωij =
−ωji, i.e., ω = - ωT . Then the transformation is such that q̄i = qi +εωijqj , t̄ = t,
so that ξi = ωijqj , ωij = −ωji and the corresponding first integral is

ωij q̇iqj = const. (4.23)

In an n-dimensional space, δqi = εωijqj with ωij = −ωij represents an infinites-
imal rotation: since there are n(n− 1)/2 linearly independent antisymmetrical
n × n matrices, this last relation represents a set of n(n − 1)/2 linearly inde-
pendent first integrals. In the case n = 3, it yields ~r × ~̇r = const, that is, the
conservation of angular momentum [7].

These results for an harmonic oscillator can be easily applied to the case
of LISA constellation. In fact, the elliptical motion of the three satellites can
be seen as the superposition of infinite harmonic oscillators, which differs from
a pure oscillator by terms O(e), and we then have that energy and angular
momentum are conserved, thanks to Noether’s theorem.

4.2 First integrals of motion and orbital para-
meters

The motion of a punctiform mass is usually studied in the six-dimensional phase
space, where the trajectory is obtained through the Hamilton canonical equa-
tions. However, the time evolution for a classical system is univocally deter-
mined only once the initial conditions have been chosen, and such fixing provides
the integral of motions, if the system is conservative.

Time evolution of a body orbiting in space can also be described in another
six-dimensional space, the (orbital) parameter space where, again, the trajectory
is known only once the initial conditions (which means, the integrals of motions)
have been chosen.

We can therefore conclude that there must be a map, between phase and
parameter spaces, that can be determined through the first integrals of motion
and that the two descriptions of the time evolution, in phase or parameter
spaces, are equivalent.

Through the formalism of action-angle variables, in sections (4.2) and (4.3)
we will derive the relations between first integrals of motion and orbital param-
eters that provide the map we are interested in.
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4.2.1 Hamilton-Jacobi equation

Two methods have been suggested to provide a general procedure for solving
mechanical problems by use of canonical transformations:

1. if the Hamiltonian is conserved, then a solution could be obtained by
transforming to new canonical coordinates that are all cyclic, since the
integration of the new equations of motion becomes trivial;

2. one can seek a canonical transformation from coordinates and momenta
(q, p), at the time t, to a new set of constant quantities, which may be
the 2n initial values (q0, p0), at t = 0. With such a transformation, the
equations of transformation relating the old and new canonical variables
are then exactly the desired solution of the mechanical problem: q = q(q0, p0, t)

p = p(q0, p0, t)
(4.24)

for they give the coordinates and momenta as a function of their initial
values and the time.

This is the most general procedure because it is applicable, in principle, when
the Hamiltonian depends on time. We can automatically ensure that the new
variables, Qi and Pi, are constant in time by requiring that the transformed
Hamiltonian, K, shall be identically zero, for then the equations of motion are

∂K
∂Pi

= Q̇i = 0

− ∂K
∂Qi

= Ṗi = 0
(4.25)

It is known from mechanics that the new Hamiltonian, K, must be related to
the old one, H, and to a generating function F by the equation

K = H +
∂F

∂t
, (4.26)

and hence it will be zero if F satisfies the equation

H(q, p, t) +
∂F

∂t
= 0. (4.27)

It is convenient to take F as a function of the old coordinates qi, the new
constant momenta Pi, and the time, F = F (q, P, t), and so the above equation
becomes

H

(
q1, . . . , qn;

∂F

∂q1
, . . . ,

∂F

∂qn
; t
)

+
∂F

∂t
= 0. (4.28)

Eq. (4.28), known as Hamilton-Jacobi equation, constitutes a partial differential
equation in (n+ 1) variables, (q1, . . . , qn; t), for the desired generating function.
It is customary to denote the solution of Eq. (4.28) by S and to call it Hamilton’s
principal function.

Of course, the integration of Eq. (4.28) only provides the dependence on the
old coordinates and time; it would not seem to suggest how the new momenta
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are contained in S. Indeed the new momenta have not yet been specified except
that we know they must be constants. However, the nature of the solution
indicated how the new Pi’s have to be selected.

Mathematically, Eq. (4.28) has the form of a first-order partial differential
equation in n + 1 variables. Suppose that there exists a solution to Eq. (4.28)
of the form

F ≡ S = S(q1, . . . , qn;α1, . . . , αn+1; t), (4.29)

where the quantities α1, . . . , αn+1 are n + 1 independent constants of integra-
tion. Such solutions are known as complete solutions of the first-order partial
differential equation. One of the constants of integration, however, is in fact
irrelevant to the solution, not appearing S itself in Eq. (4.28); only its partial
derivatives with respect to q or t are involved. Hence, if S is some solution of
the differential equation, then S + α, where α is any constant, must also be a
solution. One of the n+ 1 constants of integration in equation Eq. (4.29) must
therefore appear only as an additive constant tacked on to S, but an additive
constant has no importance in a generating function, since only partial deriva-
tives of the generating function occur in the transformation equations. Hence a
complete solution to Eq. (4.28) can be written in the form

S = S(q1, . . . , qn;α1, . . . , αn; t), (4.30)

where none of the n independent constants is purely additive. With this math-
ematical garb it is possible to show that we have the freedom to take the n
constants of integration to be the new (constants) momenta:

Pi = αi. (4.31)

The n transformation equations can now be written as

pi =
∂S(q, α, t)

∂qi
, (4.32)

where q, α stand for the complete set of quantities. At the time t0 these consti-
tute n equations relating the n α’s with the initial q and p values, thus enabling
one to evaluate the constants of integration in terms of the specific initial condi-
tions of the problem. The other half of the equations of transformation, which
provide the new constant coordinates, appears as

Qi = βi =
∂S(q, α, t)

∂αi
. (4.33)

The constant β’s can be similarly obtained from the initial conditions, simply
by calculating the value of the right side of Eq. (4.33) at t = t0 with the known
initial values of qi. Eqs. (4.33) can then be “turned inside out” to furnish qj in
terms of α, β and t:

qj = qj(α, β, t), (4.34)

which solves the problem of giving the coordinates as functions of time and the
initial conditions. After the differentiation in Eqs. (4.32) has been performed,
Eqs. (4.34) may be substituted for the q’s, thus giving the momenta pi as
functions of the α, β and t:
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pi = pi(α, β, t). (4.35)

These two last equations thus constitute the desired complete solution of Hamil-
ton’s equations of motion.

Hamilton’s principal function is thus the generator of a canonical transforma-
tion to constant coordinates and momenta; when solving the Hamilton-Jacobi
equation we are at the same time obtaining a solution to the mechanical prob-
lem. Mathematically speaking, we have established an equivalence between the
2n canonical equations of motion, which are first-order differential equations,
to the first-order partial differential Hamilton-Jacobi equation. This correspon-
dence is not restricted to equations governed by the Hamiltonian; indeed, the
general theory of first-order partial differential equations is largely concerned
with the properties of the equivalent set of first order ordinary differential equa-
tions. Essentially, the connection can be traced to the fact that both the partial
differential equation and its canonical equations stem from a common variational
principle [21].

4.2.2 Action-angle variables

Periodic systems are of special importance in many branches of physics. Very
often we are not interested in the details of the orbit but in the frequencies of
the motion. A very elegant and powerful method of handling such systems is
provided by a variation of the Hamilton-Jacobi procedure. In this technique
the integration constants αi appearing directly in the solution of the Hamilton-
Jacobi equation are not the new momenta. Instead we use some suitable con-
stants Ji, which form a set of n independent functions of the αi’s, and which
are known as the action variables.

For simplicity, we consider systems of one degree of freedom. The system is
assumed to be conservative, so that the Hamiltonian can be written as

H(q, p) = α1.

Solving for the momentum, we have

p = p(q, α1), (4.36)

which can be seen as the equation of the orbit traced out by the system point
in the two-dimensional phase space when the Hamiltonian has the constant
value α1. What is meant by the term “periodic motion” is determined by the
characteristics of the phase space orbit. There are two kinds of periodic motion:

1. the orbit is closed and the system point retraces its steps periodically.
Both q and p are then periodic functions of the time with the same fre-
quency. Periodic motion of this nature will be found when the initial po-
sition lies between two zeros of the kinetic energy. It is often designated
by the astronomical name libration;

2. the orbit in phase space is such that p is some periodic function of q,
with period q0. Equivalently, this kind of motion implies that when q is
increased by q0, the configuration of the system remains essentially un-
changed. The most familiar example represents a rigid body constrained
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to rotate about a given axis, q being the rotation angle. Increasing q by
2π then produces no essential change in the state of the system. Indeed,
the position coordinate in this type of periodicity is invariably an angle
of rotation, and the motion will be referred to simply as rotation, in con-
trast to libration. The values of q are no longer bounded but increase
indefinitely.

For generic periodic motion we can introduce a new variable J , that replaces
α1 as the transformed (constant) momentum. The so-called action variable J
is defined as

J =
∮
pdq, (4.37)

where the integration has to be carried over a complete period of either libration
or rotation. From (4.36), it follows that J is always some function of α1 alone:

α1 ≡ H = H(J). (4.38)

Hence Hamilton’s characteristic function (see [21]) can be written as

W = W (q, J). (4.39)

The generalized coordinate conjugate to J , known as the angle variable w, is
defined by the transformation equation:

w =
∂W

∂J
. (4.40)

Correspondingly, the equation of motion for w is

ẇ =
∂H(J)
∂J

= ν(J), (4.41)

where ν is a constant function of J only. This equation has the immediate
solution

w = νt+ β, (4.42)

so that w is a linear function of time.
The great advantage of using the action-angle variables comes from the phys-

ical interpretation that can be given to ν. Consider the change in w as q goes
through a complete cycle of libration or rotation, i.e.,

∆w =
∮
∂w

∂q
dq =

∮
∂2W

∂q∂J
dq. (4.43)

Because J is constant, the derivative with respect to J can be taken outside the
integral sign,

∆w =
d

dJ

∮
∂W

∂q
dq =

d

dJ

∮
pdq = 1, (4.44)

where we made use of the definition of J . This equation states that w changes
by unit as q goes through a complete period. However, from Eq. (4.42), it
follows that if τ is the period for a complete cycle of q, then
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∆w = 1 = ντ. (4.45)

Hence the constant ν can be identified as the reciprocal of the period,

ν =
1
τ
, (4.46)

and, therefore, it represents the frequency associated with the periodic motion
of q. The use of action-angle variables thus provides a powerful technique for
obtaining the frequency of periodic motion without finding a complete solution
to the motion of the system [21].

4.3 The LISA Kepler problem in action-angle
variables

We can now apply the formalism we developed in previous section to the Kepler
problem of LISA orbits. In terms of spherical polar coordinates the Kepler
problem is a special case of the central force motion in space, because the
potential for an object with mass m orbiting about a body of mass M can
be expressed as

V (r) = −GMm

r
.

We restrict our discussion to the bound case, that is, E < 0. Hence the motion in
each of the coordinates will be periodic - libration in r and θ, and rotation in φ.
The conditions for the application of action-angle variables are thus satisfied and
it is possible to show that, as the system is completely separable, the following
relations hold: 

Jφ =
∮

∂W
∂φ dφ =

∮
αφdφ

Jθ =
∮

∂W
∂θ dθ =

∮ √
α2

θ −
α2

φ

sin2 θ
dθ

Jr =
∮

∂W
∂r dr =

∮ √
2mE + 2mGM

r − α2
θ

r2 dr

(4.47)

where αφ and αθ are constants. The first integral is trivial; φ increases by 2π
radians in a complete revolution and therefore

Jφ = 2παφ = 2πpφ. (4.48)

The second equation can be integrated in different ways; procedure involving
only elementary rules of integration will be sketched here. If the polar angle of
the total angular momentum vector is denoted by i, so that

cos i =
αφ

αθ
, (4.49)

then we can write

Jθ = αθ

∮ √
1− cos2 i csc2 θdθ. (4.50)
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Half of the circular path of integration is parametrized by −θ0 ≤ θ ≤ θ0, where
sin θ0 = cos i, or θ0 = π

2 − i. Hence the circuital integral can be written as

Jθ = 4αθ

∫ θ0

0

csc θ
√

sin2 i− cos2 θdθ. (4.51)

The substitution

cos θ = sin i sinψ

transforms the integral to

Jθ = 4αθ sin2 i

∫ π/2

0

cos2 ψ
1− sin2 i sin2 ψ

dψ, (4.52)

and we find that

Jθ = 2παθ[1− cos i] = 2π (αθ − αφ) . (4.53)

The last integral for Jr can now be written as

Jr =
∮ √

2mE +
2mGM

r
− (Jθ + Jφ)2

4π2r2
dr. (4.54)

After performing the integration, this equation can be solved for the energy
E ≡ H in terms of the three action variables Jφ, Jθ, Jr. It is worth noticing
that Jφ and Jθ occur in E only in the combination Jθ + Jφ, and hence the
corresponding frequencies νφ and νθ must be equal, indicating a degeneracy.
This result has not involved the inverse square law of the central force; any
motion produced by a central force is at least singly degenerate. Of course, the
degeneracy is a consequence of the fact that the motion is confined to a plane
normal to the constant angular momentum vector ~L. Motion in this plane
implies that θ and φ are related to each other such that as φ goes through a
complete 2π period, θ varies through a complete cycle between the limits π/2±i.
Hence the frequencies in θ and φ are necessarily equal.

The integral for Jr can be solved with the method of residues,

Jr = πGM

√
−2m
E

− (Jθ + Jφ). (4.55)

This equation supplies the functional dependence ofH upon the action variables;
by solving for E we have

H ≡ E = − 2π2m(GM)2

(Jr + Jθ + Jφ)2
. (4.56)

The three action variables appear only in the form Jr + Jθ + Jφ. Hence all the
frequencies are equal; the motion is completely degenerate. With a closed orbit,
the motion is simply periodic and therefore completely degenerate. The unique
frequency of the motion is given by

ν =
∂H

∂Jr
=
∂H

∂Jθ
=
∂H

∂Jφ
=

4π2m(GM)2

(Jr + Jθ + Jφ)3
. (4.57)

The period of the orbit is then
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τ = πGM

√
− m

2E3
. (4.58)

The degenerate frequencies may be eliminated by canonical transformation
to a new set of action-angle variables. Expressing the degeneracy conditions as

νφ − νθ = 0, νθ − νr = 0,

the appropriate generating function is

F = (wφ − wθ)J1 + (wθ − wr)J2 + wrJ3.

The new angle variables are
w1 = wφ − wθ

w2 = wθ − wr

w3 = wr

(4.59)

and two of the new frequencies, ν1 and ν2, are zero. We can obtain the new
action variables from the transformation equations

Jφ = J1

Jθ = J2 − J1

Jr = J3 − J2,

(4.60)

which yield the relations 
J1 = Jφ

J2 = Jφ + Jθ

J3 = Jφ + Jθ + Jr.

(4.61)

In terms of these transformed variables the Hamiltonian appears as

H = −2π2m(GM)2

J2
3

, (4.62)

a form involving only the action variable with frequency different from zero.
Of course, in any problem with three degrees of freedom, there must be six

constants of motion; in Kepler problem, five of these are algebraic functions of
the coordinates and momenta and describe the nature of the orbit in space, and
only the last refers to the position of the particle in the orbit at a given time:
we are talking about the orbital parameters. The action-angle treatment of the
Kepler problem also leads to five algebraic constants of the motion. Three of
them are the three constants action variables J1, J2 and J3. The remaining two
are the angle variables w1 and w2, which are constants, because their corre-
sponding frequencies are zero. It must therefore be possible to express the five
constants J1, J2, J3, w1 and w2 in terms of the classic orbital elements i,Ω, a, e
and ω and vice versa; the relations we are looking for are
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cos i = J1
J2

a = J2
3

4π2GMm

e =

√
1−

(
J2
J3

)2

Ω = 2πw1

ω = 2πw2.

(4.63)

Additionally, the new action variables are directly related to angular mo-
mentum. In fact, it is possible to show that

J2 = |~L| J3 = Lz. (4.64)

We recall that mean anomaly M(t) depends on the orbital period P ,

M(t) =
2π
P
t+M0,

where M0 is its initial value, and therefore, thanks to Kepler third law, we have
that

M(t) ∝ t

a3/2
=

t

J3
3

. (4.65)

We have found that orbital parameters a, e, i, ω,Ω and M(t) can be expressed
in terms of first integrals of motion [21]. These relations provide a map between
phase and parameter spaces, i.e., the two spaces where we can study the time
evolution of an object orbiting in space: such map ensures therefore the equiv-
alence of the two possible descriptions of the time evolution.

As a practical example, we now introduce interplanetary dust, which we
suppose, for simplicity, to be spherically distributed and presenting constant
density ρ. The gravitational potential at distance r from the Sun is

φ(r) = −1
2
kr2,

where k = −4πGρ/3. Since φ(r) is central, we can write the total potential as

Φ(r) = −GMm

r
− 1

2
kr2.

We can perform the same calculations again by using Φ(r) instead of V (r) and
the final result reads

Jφ =
∮
αφdφ

Jθ =
∮ √

α2
θ −

α2
φ

sin2 θ
dθ

Jr =
∮ √

2mE + 2GMm
r + 1

2kr
2 − α2

θ

r2 dr.

(4.66)
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Such equations are difficult to handle and we will therefore make use of a dif-
ferent strategy to solve our problem. In next section we will show that the
potential due to interplanetary dust can be seen as a small disturbance to that
of Sun, and that we are therefore allowed to apply perturbation theory. Ad-
ditionally, thanks to the equivalence between phase and parameter space, we
will make use of the latter as framework where perturbation theory can be ap-
plied, i.e., we will not perturb the variables Jφ, Jθ and Jr, but a, e, i, ω,Ω and
M(t), the orbital parameters, and we will obtain the so-called Lagrange and
Gauss planetary equations, which are first order differential equations, a fact
that makes them easier to be numerically integrated with respect to the second
order differential equations of the Newtonian mechanics.

4.4 Perturbation theory in celestial mechanics

In this section we will obtain Lagrange and Gauss planetary equations, which
are fundamental tools in celestial mechanics, because they provide the time
evolution of the orbital parameters under the effects of a generic perturbing
force. Through the solutions of such equations, it is therefore possible to obtain
the perturbed orbits of LISA masses.

4.4.1 The need for a perturbation theory

In chapter 2 we discussed about interplanetary dust and its characteristics and,
in particular, its density at 1 AU from Sun turned out to be

ρ0 = 9.6 · 10−20 kg/m3
.

Let’s consider a spherical distribution of interplanetary dust, centered in the
Sun with constant density ρ0 and symmetric with respect to the ecliptic plane.
As in chapter 3, the induced gravitational acceleration at a distance r from the
center is

ad(r) = kr,

where k = −4πGρ0/3. We focus now on a test mass moving on circular orbit
with radius r and angular velocity ω in the ecliptic plane. From elementary
physics, the centripetal acceleration is

ac(r) = −ω2r

and so the ratio of the two different accelerations is

ad(r)
ac(r)

= − k

ω2
∈ O(10−20).

We conclude that the acceleration field due to interplanetary dust can be
seen as a perturbation to the keplerian one and that perturbation theory can
be applied to study the orbits of LISA constellation.
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4.4.2 Introduction to perturbation theory formalism

Let us consider a physical system and the non-linear equation (or set of equa-
tions) that describe it:

F i(g) = 0, (4.67)

where g =
{
gj
}

j=1,2,...,n
is a set of unknown functions. In particular, if the

dynamic behavior of the system is due to a least-action principle, we get Eq.
(4.67) by solving

F i(g) =
δI

δgi
= 0, (4.68)

where δ/δgi is the functional derivative.
Let us suppose now that we know a solution of Eq. (4.67), g0, and that

we want to study the physical situations that present small deviations from g0

which means, we would like to know a set of solutions to Eq. (4.68),
{
gi(λ)

}
,

depending on one or more parameters, with the following properties:
F i(g) = 0

F i [g(0)] = 0

g(λ) analytical in λ .

(4.69)

The parameter λ will therefore allow us to estimate the deviations of g(λ) from
the unperturbed solution g0. If λ is small, we get a solution which is very similar
to the initial one, g0, and now the solution g(λ), with λ << 1, describes the
evolution of the physical system in situations that are similar to the unperturbed
one. The very important fact is that, from Eq (4.68), we can get now an equation
which is linear in dg/dλ (which can be considered a perturbation to g0); in fact,
by the analytic assumptions on gi(λ), we can expand it in Taylor series:

gi(λ) =
∑

n

λn

n!

(
dngi(λ)
dλn

)
λ=0

= gi,0 + λ

(
dgi

dλ

)
λ=0

+O (λ) (4.70)

and, if λ is small, we can forget about the terms O (λ); we therefore have

gi = gi,0 + λ

(
dgi

dλ

)
λ=0

= gi,0 + λgi,1, (4.71)

which can be considered the solution to the perturbed problem.
The equations for gi,1 are obtained by differentiating Eq. (4.68) with respect

to λ in the limit λ = 0:(
dF i(g)
dλ

)
λ=0

= 0 or from
δF i

δgk

(
dgk

dλ

)
λ=0

= 0. (4.72)

In conclusion, we wrote the non-linear equation given in (4.67) in the linear
form (4.71). Since solving linear equations is easier than dealing with non linear
ones, Eq. (4.71) might be solvable even if we cannot find solutions of Eq.
(4.68). Once we have solved Eq. (4.71), we have an approximate solution of
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(4.68), which works better for smaller values of λ [43]. However, we have no
general criterion for deciding for which values of λ the linear approximation still
applies; usually, the approximation does not hold when

λ
gi,1

gi,0
≈ 1.

4.4.3 Lagrange planetary equations

In this subsection, we apply the perturbation theory for solving problems in
celestial mechanics. The first step in any application of perturbation theory
is to identify the space in which the perturbations are to be carried out and
what variables have to be perturbed. At first glance, one could say that the
ultimate result is to predict the position and velocity of one object with respect
to another. Thus, one is tempted to look directly for perturbations to ~r as
a function of time. However, the non-linearity of the equations of motion will
make such an approach very difficult to be handled. A different approach should
be used.

For two body problem, the equations of motion is

~̈r +∇Φ = 0,

where Φ is the potential of a point mass given by

Φ = −GM
r
.

Let us assume that there is an additional source of a potential that can be
represented by a scalar −R that introduces small forces acting on the object so
that

|∇Φ| >> |∇R|. (4.73)

We can then write the equations of motion as

~̈r +∇Φ = ∇R(~r, t), (4.74)

where R is the negative of the perturbing potential by convention. If R is
a constant, then the solution to the equations of motion will be the solution
to the two body problem. However, we know that this will be a conic section
which can be represented by six constants called the orbital elements and that
these six orbital elements can be divided into two triplets: the first deals with
the shape of the orbit and the second of which with the orientation of that orbit
with respect to a specified coordinate system.

A very reasonable question to ask is how the presence of the perturbing
potential affects the orbital elements. Clearly, they will no longer be constants,
but will vary in time. However, the knowledge of those constants as a function
of time will allow us to predict the position and velocity of the object. In fact,
at any instant of time the body can be viewed as describing an orbit that is a
conic section.

Thus, let us define a vector ~ξ in the six-dimensions space of orbital param-
eters, whose components are therefore the instantaneous elements of the orbit,
so that we may regard the solution to the problem as given by
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~r = ~r(~ξ, t).

The problem has now been changed to finding how the orbital elements
change in time, due to the presence of the perturbing potential −R. Explicitly,
we wish to recast the equations of motion as equations for d~ξ/dt. If we consider
the case where the perturbing potential is zero, then ~ξ is constant and we can
write the unperturbed velocity as

~v =
d~r

dt
=
∂~r(~ξ, t)
∂t

. (4.75)

Now let us define a specific set of orbital parameters ~ξ0 to be those that would
determine the particle motion if the perturbing potential suddenly became zero
at some time t0

~ξ0 = ~ξ(t0).

The orbital elements ~ξ0 represent an orbit that is tangent to the perturbed
orbit at t0 and is usually called the osculating orbit. By the chain rule

d~r

dt
=
∂~r

∂t
+
∂~r

∂~ξ
· ~̇ξ. (4.76)

At t = t0 we therefore must have the osculation condition

∂~r

∂~ξ
· ~̇ξ = 0. (4.77)

Applying this condition and differentiating Eq. (4.76) with respect to time we
get

d2~r

dt2
=
∂2~r

∂t2
+
(
∂

∂~ξ

∂~r

∂t

)
· ~̇ξ. (4.78)

If we replace d2r/dt2 in Eq. (4.74) by Eq. (4.78), we get

∂2~r

∂t2
+∇Φ +

(
∂

∂~ξ

∂~r

∂t

)
· ~̇ξ = ∇R(~r, t). (4.79)

However, the explicit time dependence of ~r(~ξ, t) is the same as ~r(~ξ0, t), so that

∂2~r

∂t2
+∇Φ = 0.

Therefore the first two terms of Eq. (4.79) sum to zero and, together with
the osculation condition, we have

~̇ξ · ∂

∂~ξ

(
∂~r
∂t

)
= ∇R

~̇ξ · ∂~r

∂~ξ
= 0

(4.80)

Differentiation with respect to a vector simply means that the differentiation
is carried out with respect to each component of the vector. Therefore, (∂~r/∂~ξ)
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is a second rank tensor with components (∂ri/∂ξj). Thus each of Eq. (4.80)
are vector equations, so there is a separate scalar equation for each component
of ~r. Together they represent six nonlinear inhomogeneous partial differential
equations for the six components of ~ξ. The initial conditions for the solution are
simply the values of ~ξ0 and its time derivatives at t0. Appropriate mathematical
rigor can be applied to find the conditions under which this system of equations
will have a unique solution and this will happen as long as the Jacobian J
satisfies

J =
∣∣∣∣∂(~r,~v)

∂~ξ

∣∣∣∣ 6= 0.

Complete as these equations are, their form and application are something
less than clear, so let us turn to a more specific application

Let us begin by writing equations 4.80 in component form. Assume that the
cartesian components of ~r are xi. Then we have

∑6
j=1

∂ẋi

∂ξj

dξj

dt = ∂R
∂xi

i = 1, 2, 3

∑6
j=1

∂xi

∂ξi

dξj

dt = 0 i = 1, 2, 3
(4.81)

However, the dependence of ξj on time is buried in these equations and it
would be useful to be able to write them so that d~ξ/dt is explicitly displayed.
To accomplish this, we multiply each of the first set of equations by ∂xi/∂ξk
and add the three component equations together. This yields:

3∑
i=1

∂xi

∂ξk

6∑
j=1

∂ẋi

∂ξj

dξj
dt

=
3∑

i=1

∂xi

∂ξk

∂R

∂xi
=
∂R

∂ξk
k = 1, 2, · · · , 6. (4.82)

Multiply each of the second set of equations by (−∂ẋi/∂ξk) and add them
together to get

−
3∑

i=1

∂ẋi

∂ξk

6∑
j=1

∂xi

∂ξi

dξj
dt

= 0 k = 1, 2, · · · , 6. (4.83)

Finally add Eqs. (4.82) and (4.83) together, rearrange the order of summa-
tion factoring out the desired quantity (dξj/dt) to get

6∑
j=1

(
dξj
dt

) 3∑
i=1

[
∂xi

∂ξk

∂ẋi

∂ξj
− ∂xi

∂ξj

∂ẋi

∂ξk

]
=
∂R

∂ξk
k = 1, 2, · · · , 6. (4.84)

The ugly looking term under the second summation is known as the La-
grangian bracket of ξk and ξj and, by convention, is written as

[ξk, ξj ] =
3∑

i=1

[
∂xi

∂ξk

∂ẋi

∂ξj
− ∂xi

∂ξj

∂ẋi

∂ξk

]
. (4.85)

The reason for pursuing this apparently complicating procedure is that the
Lagrangian brackets have no explicit time dependence so that they represent a
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set of coefficients that simply multiply the time derivatives of ξj . This reduces
the equations of motion to six first order linear differential equations which are

6∑
j=1

[ξk, ξj ]
dξj
dt

=
∂R

∂ξk
k = 1, 2, · · · , 6. (4.86)

All we need is to determine the Lagrangian brackets for an explicit set of
orbital elements and since they are time independent, they may be evaluated at
any convenient time such as t0.

If we require that the scalar product is taken over coordinate (~r) space rather
than orbital element (~ξ) space, we can write the lagrangian bracket as

[ξk, ξj ] ≡
[
~ξ, ~ξ
]

=

[
∂~r

∂~ξ
· ∂~̇r
∂~ξ

− ∂~̇r

∂~ξ
· ∂~r
∂~ξ

]
. (4.87)

Since the partial derivatives are tensors, the scalar product in coordinate
space does not commute. However, we may show the lack of explicit time de-
pendence of the lagrangian brackets by direct partial differentiation with respect
to time so that

∂

∂t

[
~ξ, ~ξ
]

=

[
∂2~r

∂t∂~ξ
· ∂~̇r
∂~ξ

+
∂~r

∂~ξ
· ∂

2~̇r

∂t∂~ξ

]
−

[
∂2~̇r

∂t∂~ξ
· ∂~r
∂~ξ

+
∂~̇r

∂~ξ
· ∂

2~r

∂t∂~ξ

]
, (4.88)

or re-arranging the order of differentiation we get

∂

∂t

[
~ξ, ~ξ
]

=
∂

∂~ξ

[
∂~r

∂t
· ∂~̇r
∂~ξ

− ∂~r

∂~ξ
· ∂~̇r
∂t

]
− ∂

∂~ξ

[
∂~̇r

∂~ξ
· ∂~r
∂t
− ∂~r

∂~ξ
· ∂~̇r
∂t

]
. (4.89)

Using Eq. (4.75) and Newton’s laws we can write this as

∂

∂t

[
~ξ, ~ξ
]

=
∂

∂~ξ

[
1
2
∂v2

∂~ξ
− ∂Φ

∂~ξ

]
− ∂

∂~ξ

[
1
2
∂v2

∂~ξ
− ∂Φ
∂~r

· ∂~r
∂~ξ

]
= 0. (4.90)

Remember that we wrote ~r(~ξ, t) so that the coordinates xi and their time
derivatives ẋi depend only on the set of orbital elements ξj and time. Thus the
lagrangian brackets depend only on the particular set of orbital elements and
may be computed once and for all. In addition, while one can formulate thirty
six values of [ξk, ξj ] it is clear from Eq. (4.85) that [ξk, ξj ] = − [ξj , ξk]

[ξk, ξk] = 0 .
(4.91)

This reduces the number of linearly independent values of [ξk, ξj ] to 15.
However, of these 15 Lagrange brackets, only six are non-zero, i.e.
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[i,Ω] = na2(1− e2)1/2 sin i

[a,Ω] = 1
2na(1− e2)1/2(1− cos i)

[e,Ω] = −na2e(1− e2)−1/2(1− cos i)

[a,$] = 1
2na

[
1− (1− e2)1/2

]
[e,$] = na2e(1− e)−1/2

[a, ε] = − 1
2na ,

(4.92)

where n =
√

4π2/a3 is the unperturbed mean motion, $ = ω+Ω is the longitude
of perihelion and ε = $+M −nt is the mean longitude at t = 0 [13]. If we now
substitute in Eq. (4.84), we have that

da
dt = 2

na
∂R
∂χ

de
dt = 1

na2e

[
(1− e2)∂R

∂χ −
√

1− e2 ∂R
∂ω

]
dχ
dt = − 1−e2

na2e
∂R
∂e −

2
na

(
∂R
∂a

)
dΩ
dt = 1

na2
√

1−e2 sin i
∂R
∂i

dω
dt =

√
1−e2

na2e
∂R
∂e −

cot i
na2

√
1−e2

∂R
∂i

di
dt = 1

na2
√

1−e2

[
cot i∂R

∂ω −
1

sin i
∂R
∂Ω

]
,

(4.93)

where χ = ε−ω−Ω. These equations, named Lagrangian planetary equations,
provide the time evolution of the orbital parameters due to a disturbing potential
R .

4.4.4 Gauss equations

We present here the most general equations for the evolution in time of the
perturbed orbital parameters, the so-called Gauss equations; one can easily
demonstrate that Lagrangian equations are a particular case of Gauss equations.

Let us consider the Gauss mobile system (GMS), which is a non-inertial
reference system defined in the inertial frame centered in the Sun. The origin
of GMS coincides with the test mass to whom the perturbation is applied and
its basis T is composed by the versors r̂ = ~r/ ‖~r‖ along the radial direction, t̂,
orthogonal to r̂ in the osculating plane and in the direction of ~̇r and n̂ = r̂ × t̂,

T =
{
r̂, t̂, n̂

}
.

If we take now a generic disturbing acceleration ~γ, we can write this vector
in GMS as

~γ = Ar r̂ +Att̂+Ann̂.
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One can show that the variations with time of orbital parameters for a generic
body undergoing the ~γ are given by [26]



da
dt = 2

n
√

1−e2

[
eAr sin θ +At

(
p
r

)]
de
dt =

√
1−e2

na

{
Ar sin θ +At

[
cos θ + 1

e

(
1− r

a

)]}
di
dt = 1

na
√

1−e2An

(
r
a

)
cos(ω + θ)

dΩ
dt = 1

na sin i
√

1−e2An

(
r
a

)
sin(ω + θ)

dω
dt = − cos idΩ

dt +
√

1−e2

nae

[
−Ar cos θ +At

(
1 + r

p

)
sin θ

]
dM
dt = n− 2

naAr

(
r
a

)
−
√

1− e2 dω
dt ,

(4.94)

where p = a(1 − e2) is the semi-latus rectum and θ, the true anomaly, can be
obtained from the eccentric anomaly ψ by means of the relation [8]

tan
θ − ψ

2
=

sinψ
β − cosψ

, (4.95)

if

β =
1 +

√
1− e2

e
.

From these relations, we can get Lagrange planetary equations when the dis-
turbing acceleration ~γ is the gradient of a scalar function R

~γ = −∇R.

This is the case of any force of gravitational origin that leads to a simpler
lagrangian differential system.

Gauss and Lagrange planetary equations may originate perturbative secular
effects that are negligible for LISA mission, being its life-time five or ten years
long. It is worth noticing that secular effects may be handled via Poincaré-
Lindstedt method [18].

As an application, consider the perturbations on LISA orbits due to a spher-
ical and homogeneous distribution of interplanetary dust. Since the distribution
is spherically symmetric, the perturbation is merely radial and thus only a, e, ω
and M undergo time evolution. The equations are

dai

dt = 2ei

ni

√
1−e2

i

kri(t) sin θi(t)

dei

dt =
√

1−e2
i

niai
kri(t) sin θi(t)

dωi

dt = −
√

1−e2
i

niaiei
kri(t) cos θi(t)

dMi

dt = ni − 2
nia2

i
kr2i + 1−e2

i

niaiei
kri(t) cos θi(t) ,

(4.96)
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where k = −4πGρ/3 and i = 1, 2, 3. These equation were integrated analytically
by expansion in powers of e up to fourth order, keeping RHS orbital parameters
unperturbed and substituting θi with Mi(t). For instance, being for LISA the
unperturbed mean motion equal to 2π, the evolution of a is

ai(t) = a0
i +

k

4π2

[
2a0

i e
0
i

(
cosM0

i − cosMi(t)
)

+ a0
i (e

0
i )

2 sin
(
Mi(t) + 2M0

i

)
sin 2πt

]
(4.97)

where a0
i , e

0
i and M0

i are the initial values of the parameters (Mauro Sereno,
private communication).

We can conclude that the introduction of interplanetary dust induces time
variations of the orbital parameters, as stated by Lagrange and Gauss planetary
equations; at any instant, the trajectory in space can be osculated by an ellipse,
whose orbital parameters coincide, at that time, with the values of the functions
a(t), e(t), ω(t) etc., solutions of Eqs. (4.94).
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Chapter 5

Analysis of the perturbative
effects of interplanetary
dust on LISA constellation

In previous chapters we exposed the arguments and concepts that we need in
order to study the disturbing effects induced by interplanetary dust on LISA
orbits. These concepts will be used in this chapter to solve the problem of
celestial mechanics we are interested in, i.e., the perturbed motion of LISA
constellation.

5.1 Modus operandi

In this section we expose how we intend to proceeded. Gauss planetary equa-
tions are written in a particular non-inertial frame, the so-called Gauss comoving
frame: to integrate these equations, it was necessary to calculate the compo-
nents of the perturbing acceleration on the elements of the basis of Gauss frame.
Subsequently, the equations were numerically integrated and their solutions re-
placed the unperturbed orbital elements appearing in the expressions of the
LISA keplerian orbits.

5.1.1 Construction of Gauss comoving frames

As we said in chapter 4, Gauss planetary equations are written in the so-called
Gauss comoving frame, a non-inertial system with respect to SSB frame.

We recall that the basis of Gauss comoving frame, whose origin coincides
with the perturbed point mass, is a set composed by three orthonormal vectors:
r̂ oriented along the radial direction, t̂ orthogonal to r̂ in the plane containing
the instantaneous osculating ellipse in the direction of the velocity, and n̂ defined
as r̂ × t̂.

For the construction of the three Gauss terns (one for each LISA satellite)

Ti(t) =
{
r̂i(t), t̂i(t), n̂i(t)

}
, i = 1, 2, 3, (5.1)

89



we operated as follows: we defined, in the inertial frame centered in the Sun,
the versor

r̂i(t) =
1√

x2
i (t) + y2

i (t) + z2
i (t)

(xi(t), yi(t), zi(t)), (5.2)

where (xi(t), yi(t), zi(t)) is the vector that individuates the position of the ith
mass at time t; then, we wrote n̂i(t) as

n̂i(t) = (sin ii(t) sinΩi(t),− sin ii(t) cos Ωi(t), cos ii(t)) ; (5.3)

in fact, n̂i is orthogonal to the plane that contains the osculating ellipse, i.e.,
parallel to the angular momentum; the last element of the basis, t̂i(t), immedi-
ately follows

t̂i(t) = −r̂i(t)× n̂i(t) (5.4)

This procedure provides the three Gauss frames. However, we made use of
approximated terns, T 0

i (t), whose bases,{
r̂0i (t), t̂0i (t), n̂

0
i (t)

}
, (5.5)

are referred to the unperturbed orbits. Such approximation simplified our cal-
culations, especially when we had to deal with elliptical distributions of dust,
whose perturbations are not merely radial; what we disregard are terms of order
O(k2) (k is the parameter that fixes the intensity of the perturbation), which
are negligible thanks to the smallness of the perturbing effects.

5.1.2 Calculus of the perturbations

In chapter 2, we considered four distributions of interplanetary dust, i.e., ho-
mogeneous spherical distribution, spherical distribution with power law density
profile, homogeneous oblate ellipsoidal distribution and an oblate distribution
with confocal, ellipsoidal isodensity surfaces and density profile as

ρ(r, θ) = ρ0

(r0
r

)α 1[
1 + (γE sin θ)2

]α/2
,

where θ is the angle between the radial direction and the ecliptic plane, γE is a
parameter involved with the eccentricity ε of the isodensity surfaces,

γE =
ε√

1− ε2

and ρ0 r0 and α are constants, and calculated their gravitational potentials.
We therefore consider the gravitational potential Φα,γE

and write the accel-
eration field, in SSB frame, as

~γα,γE
= −∇Φα,γE

;

to get Ai
r, A

i
t and Ai

n, that appear in the RHS of Gauss equations for the i-th
satellite, we have to project the vector ~γα,γE

on the bases of Gauss comoving
terns, T 0

i (t):
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Ai

r = r̂0i (t) · ~γα,γE

Ai
t = n̂0

i (t) · ~γα,γE

Ai
n = t̂0i (t) · ~γα,γE

(5.6)

5.1.3 Integration of Gauss equations

Once we had Ai
r, A

i
t and Ai

n, we tried to solve Gauss equations, keeping the
orbital elements on the RHS unperturbed.

Gauss equations were integrated numerically, by means of Wolfram Math-
ematica 7 numerical integrator, to the accuracy of 10−30. We compared our
results with the analytical solutions for the case of a spherical homogeneous dis-
tribution of matter, and they matched. In addition, for the same distribution
of interplanetary dust, Gauss equations were integrated with the perturbed or-
bital elements on the RHS, i.e., with no approximations, and numerical solutions
confirmed the validity of our approximations.

5.1.4 Perturbed orbits

The last step of our work was the determination of the perturbed orbits of
LISA satellites: once we obtained the evolution of the orbital parameters, we
substituted, in the expression of the orbits, the unperturbed parameters with
the solutions of Gauss equations.

Another (conceptually) fundamental approximation was the assumption of
infinite speed of light. LISA masses orbit approximately 5 ·106 km far from each
other and laser rays need a finite time, few seconds, to cover such distances; when
studying relative motions, such effect has to be considered. However, depending
on the spatial scale on which the potential varies significantly, the speed of light
can be considered infinite, i.e., we make use of newtonian mechanics. This is
the case for the gravitational potential originated by interplanetary dust: the
relativistic mechanics is not requested as v/c << 1.

Our last approximation was the simplified model of the Solar System we
adopted, which is composed only by Sun (responsable of the keplerian motions)
and interplanetary dust, source of a stationary perturbation; we have therefore
disregarded non-stationary, periodic perturbations induced by the other com-
ponents of our stellar system as, for instance, the Earth-Moon system, because
they originate frequencies (e.g., 14 days−1) that do not interfere with those due
to interplanetary dust.

5.2 Results for LISA

We considered the four distributions for the ID centered in the Sun and sym-
metric with respect to the ecliptic plane. However, we stress that this is an
approximation as ID distribution is not centered in the Sun and is symmetric
with respect to the Laplacian plane, defined by the angular momentum of the
solar system. In this section, we will present the plots that show the solutions of
Gauss equations. It is easy to show that these plots scale almost linearly with ρ.
In fact, recalling the proportionality between ρ and k, let us consider the vector
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~ξ in orbital parameters space, one of its components, say ξi (i = 1, . . . , 6) and a
spherical homogeneous distribution of matter: Gauss equations state that

dξi
dt

= kfi(t, ~ξ) ⇒ ξi(t) = ξi(0) + k

∫ t

0

fi(s, ~ξ)ds (5.7)

and, thus,

ξi(t)− ξi(0) ∝ k (5.8)

This result allows us to extend our conclusions to any value of k, till the effect
remains perturbative. In addition, our results are valid also for local dark mat-
ter, under the assumption it behaves (gravitationally) as interplanetary dust;
for instance, if we assume that local and galactic dark matter present the same
mean density, i.e., 5 · 10−22 kg/m3, the scaling factor is 10−2.

5.2.1 Homogeneous spherical distribution

The first model we considered was the homogeneous spherical distribution of
dust. The value of the constant density is assumed to be

ρ0 = 9.6 · 10−20 kg/m3

and the gravitational acceleration at the radial distance r is

~γ(r) = krûr,

where ûr is the unit vector on the radial direction and k = − 4
3πGρ0. It can

immediately be noted that this perturbation is radial and thus Gauss equations
are, for the i-th satellite:

dai

dt = 2ei

ni

√
1−e2

i

kri(t) sin θi(t)

dei

dt =
√

1−e2
i

niai
kri(t) sin θi(t)

dωi

dt = −
√

1−e2
i

niaiei
kri(t) cos θi(t)

dMi

dt = ni − 2
nia2

i
kr2i + 1−e2

i

niaiei
kri(t) cos θi(t)

In fact, since a radial perturbation does not affect i and Ω, their equations are
trivial. We recall that in the RHS of the equations the orbital parameters were
kept constant and that, therefore, only ri and θi are depending on time; in Fig.
(5.1), we report the plots representing the evolution (during the first five years)
of the orbital parameters characterizing the perturbed orbit of LISA 1.
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Figure 5.1: Evolution of the orbital parameters for LISA 1; a1(0), e1(0), ω1(0)
andM1(0) are the values of the orbital parameters at t = 0, i.e., the unperturbed
values. For the other satellites, plots show similar behaviors.

We now consider δli,j,s = δLpert
i,j,s − δLunpert

i,j,s , i.e., the difference between the
perturbed and unperturbed differential motions for the couples (LISAi, LISAj)
and (LISAj, LISAs). Fig. (5.2) shows δl1,2,3 time evolution and we note that
the constellation is opening, the amplitude being of the order of 102 µm.
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Figure 5.2: Time evolution of δl1,2,3, with its increasing amplitude; for different
combinations of satellites, plots show similar behaviors.
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Once we had δLpert
i,j,s and δLunpert

i,j,s , we obtained the difference between their
two Fourier spectra of the signal and what we got is presented in Fig. (5.3):
striking features are the new peak at 3 y−1, absent in the unperturbed spec-
trum because of P3, group of symmetry for LISA triangular formation, and the
enhancement of the peak corresponding to 2 y−1.
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Figure 5.3: Difference between δLpert
1,2,3 and δLunpert

1,2,3 spectra of frequencies; for
different combinations of satellites, plots show similar behaviors.

5.2.2 Spherical distribution with power law density profile

We now focus on the power law density profile:

ρ = ρ0

(r0
r

)α

,

where ρ0, r0 and α are constants, and on the acceleration field

~γ(r) = kr1−αûr

with k = − 4πGρ0rα
0

3−α . Again, we have a merely radiative perturbation, i.e., only
four Gauss equations are not trivial:



dai

dt = 2ei

ni

√
1−e2

i

kr1−α
i (t) sin θi(t)

dei

dt =
√

1−e2
i

niai
kr1−α

i (t) sin θi(t)

dωi

dt = −
√

1−e2
i

niaiei
kr1−α

i (t) cos θi(t)

dMi

dt = ni − 2
nia2

i
kr

2(1−α)
i + 1−e2

i

niaiei
kr1−α

i (t) cos θi(t)
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The values we adopted for the three parameters ρ0, r0 and α were, respec-
tively, 9.6 · 10−20kg/m3, 1 AU and 1.3. In Fig. (5.4), we show the solutions of
Gauss equations for LISA1.
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Figure 5.4: Evolution of the orbital parameters for LISA 1; a1(0), e1(0), ω1(0)
andM1(0) are the values of the orbital parameters at t = 0, i.e., the unperturbed
values. Plots for the other satellites show similar behaviors.

Once we obtained the solutions of Gauss equations, we focused on δli,j,s, in
particular on δl1,2,3, see Fig. (5.5).
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Figure 5.5: Time evolution of δl1,2,3, with its increasing amplitude; for different
combinations of satellites, plots show similar behaviors.
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The last plot of this subsection, Fig. (5.6), represents the difference between
the two Fourier spectra of the signal for the differential motions of the couples
(LISA1, LISA2) and (LISA2, LISA3), δLpert

1,2,3 and δLunpert
1,2,3 . Again, we note that

peaks have been enhanced and that P3 is group of symmetry for the constellation
no more, as can be shown by the presence of the harmonic at 3 y−1.
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Figure 5.6: Difference between δLpert
1,2,3 and δLpert

1,2,3 spectra of frequencies; for
different combinations of satellites, plots show similar behaviors.

5.2.3 Homogeneous oblate ellipsoidal distribution

We drop spherical systems and turn on ellipsoidal models. These ellipsoids are
oblate because of the supposed invariance under rotations about z axis of the
distribution. Since these models are not valid beyond about 3 AU in the ecliptic
plane and about 1.5 AU off the ecliptic, plots were obtained with such values
for the samiaxes.

For an homogeneous ellipsoidal distribution with semiaxes a, b and c and
constant density ρ0, the analytical expression for the gravitational potential is

Φ(x, y, z) = k
(
Φ0 −Ax2 −By2 − Cz2

)
,

which yields

~γ(x, y, z) = −∇Φ(x, y, z) = 2k (Ax,By,Cz) ,

where Φ0, A,B,C and k are constants depending on the semiaxes and on ρ0.
Since the perturbation is not radial, we must deal with the entire system of
Gauss equations whose solutions, for LISA 1, are shown in Fig. (5.7)
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Figure 5.7: Evolution of the orbital parameters for LISA 1;
a1(0), e1(0), i1(0), ω1(0),Ω1(0) and M1(0) are the values of the orbital
parameters at t = 0, i.e., the unperturbed values. Plots for the other satellites
show similar behaviors.

We then turned our attention to δli,j,s, in order to discover the effects of
ellipsoidal distributions of dust on the constellation, and in Fig. (5.8) we plot
δl1,2,3; this time also we note that the constellation is undergoing tidial effects
under the action of interplanetary dust.
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Figure 5.8: Time evolution of δl1,2,3, with its increasing amplitude; for the other
combinations of satellites, plots show similar behaviors.

We concluded our study of the effects of homogeneous ellipsoidal distribu-
tions by obtaining the difference between the Fourier spectra of the signal of the
two differential motions, the perturbed and unperturbed ones, see Fig. (5.9).
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Figure 5.9: Difference between δLpert
1,2,3 and δLunpert

1,2,3 spectra of frequencies; for
the other combinations of satellites, plots show similar behaviors.

5.2.4 Ellipsoidal distribution with power law density pro-
file

In this subsection we focus on our last model, whose density law is

ρ(r, θ) = ρ0

(r0
r

)α 1[
1 + (γE sin θ)2

]α/2
.

As already said, this model is the most important among the four we considered,
for two reasons: i) it is the most general because it provides the others for certain
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values of α and γE and ii) it is the model that best reproduces the observed
data. Since the perturbation is not radial, we must handle six Gauss equations,
and the numerical solutions for LISA 1 are drawn in Fig. (5.10); for these plots,
we chose a = 3 AU, b = 1.5 AU, r0 = 1 AU and α = 1.3.
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Figure 5.10: Evolution of the orbital parameters for LISA 1;
a1(0), e1(0), i1(0), ω1(0),Ω1(0) and M1(0) are the values of the orbital
parameters at t = 0, i.e., the unperturbed values. Plots for the other satellites
show similar behaviors.

In Fig. (5.11), we report the plot representing δl1,2,3, i.e., the difference
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between perturbed and unperturbed differential motions. Again, we note that
the initial formation modifies under the perturbative effects of interplanetary
dust.
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Figure 5.11: Time evolution of δl1,2,3, with its increasing amplitude; for the
other combinations of satellites, plots show similar behaviors.

After focusing on δl1,2,3, we faced the difference between the Fourier spectra
of the signal of perturbed and unperturbed differential motion, and, as can be
seen in Fig. (5.12), we have found again that interplanetary dust induces new
harmonics and enhances the peaks, in particular, the one at 2 y−1.
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Figure 5.12: Difference between δLpert
1,2,3 and δLpert

1,2,3 spectra of frequencies; for
the other combinations of satellites, plots show similar behaviors.

5.2.5 Discussion

In previous section we have shown the time evolution of the orbital parameters
for the four distributions we considered. We note that perturbation induces
oscillatory evolutions, whose amplitudes are proportional to the intensity of the
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perturbation, and we have three different oscillatory behaviors during LISA life-
time: it may happen that, if ξi is the generic orbital element for the ith LISA,
ξi(t)−ξi(0) i) grows with time, for instance, Mi(t)−Mi(0), ii) remains bounded
(e.g., ei(t)− ei(0)), iii) decreases, as Ωi(t)− Ωi(0).

Once we got the solutions of Gauss equations, we obtained LISA perturbed
orbits, that allowed us to study the effect of interplanetary dust on differential
motions, i.e., those that are involved with the detection of gravitational waves.
As can be seen from the plots, we have found that differential motions acquire
oscillatory evolutions with increasing amplitude, of the order of 102µm after
few years. This means that interplanetary dust induces a breathing motion
of the constellation, i.e., tidial effects modify the initial equilateral triangular
structure. Tidial forces are similar for the different distributions we considered:
this is a consequence of the smallness of k and of the particular orbits we chose.
In fact, we recall that e ∈ O(10−2) and i ≈ e, i.e., orbits are nearly circular
and very close to the ecliptic plane, which is a symmetry plane for the dust
distributions and, additionally, k ∝ ρ0 ∈ O(10−20 kg/m3); therefore:

• different distributions induce similar potentials in the regions of space
where LISA orbits are confined, i.e. a cylinder of radius 1 AU and height
≈ 0.01 AU;

• for a given distribution, the spatial scale over which potential varies sig-
nificantly is larger that the relative distance between any couple of LISA
masses, and tidial effects are therefore small.

Important informations can be obtained by studying the differences between
the spectra of the perturbed and unperturbed differential motions: it is worth
noticing that the dominant effect of interplanetary dust on spectra is that of an
enhancement of the peaks, in particular of that corresponding to 2 y−1, while a
very interesting effect is the new harmonic at 3 y−1.

In first chapter we presented our choice of LISA unperturbed orbits, i.e.,
of the initial conditions on the orbital parameters. As a consequence of that
choice, P3 was a group of symmetry for the constellation, and no harmonics
corresponding to integer multiples of 3 y−1 could appear in the spectrum. The
introduction of interplanetary dust gravitational effect modified the initial equi-
later structure of the LISA triangle, and therefore new harmonics rose.

However, the new harmonic is very small if compared to the peaks at 1 or
2 y−1 and it will always be present because we should consider the inevitable
injection errors, which will modify the chosen initial condition, i.e., the initial
“ideal” equilateral configuration.

Additionally, when LISA will orbit, physicists will treat only the perturbed
orbits, because it will be impossible to get the unperturbed ones too. Observed
discrepancies with keplerian orbits will be attributable to the perturbative ef-
fects of interplanetary dust on LISA orbits.
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Conclusions

We have obtained the time evolutions of the orbital parameters and studied
the progressive opening of LISA constellation they induce, i.e. ≈ 102 µm after
a 5 years period; additionally, as can be inferred from the structure of Gauss
equation, orbital parameters scale linearly with the intensity of the perturbation
k.

By looking at the plots showing the differences between perturbed and un-
perturbed differential motions, we see that the effect is similar for all four models
of dust distribution. This is a consequence of the smallness of k and of the par-
ticular orbits we chose; therefore, we can say that different distributions induce
similar potentials in the regions of space where LISA orbits and that, for a given
distribution, the spatial scale over which potential varies significantly is larger
than the relative distance between any couple of LISA masses, and tidial effects
are therefore small.

Additionally, we have found that perturbation induces new frequencies at
3, 6, 9 . . . y−1. This is due to the fact that the group of cyclical permutation
of three objects is group of symmetry for the constellation only in the absence
of perturbative effects of interplanetary dust. However, they do not modify the
spectrum significantly, because their amplitudes are very small. In addition, we
have determined the effect of interplanetary dust on the different frequencies
and, in particular, we have found that it induces, in the Fourier spectrum of
the signal, amplitudes ≈ 10−4 m/y−1 and ≈ 10−3 m/y−1 at the frequencies of
1 and 2 y−1 respectively.

However, these results do not mean that interplanetary dust can be disre-
garded for LISA physics. In fact, in order to detect gravitational waves correctly,
we must get rid of the non-radiative gravitational fields, either static or time-
dependent, that act on LISA constellation and whose effects are responsable for
the effective satellites orbits. We therefore have to construct a model reproduc-
ing all the “newtonian disturbances”, as interplanetary dust, to the keplerian
orbits of LISA masses.

As a byproduct, LISA constellation could provide upper limits to the density
of LDM. In fact, we expect that both ID and DM permeate the Solar System
inducing similar gravitational perturbations, but we ignore the ratio of their two
densities, λ = ρ0/ρLDM , i.e., the relative importances, even if galactic dynamics
furnishes indications about its value. However, if we suppose that the observed
deviations from keplerian orbits are due to a total density

ρtot = ρ0 + ρLMD,

from the LISA measures of ρtot we can estimate ρLDM , thanks to the linearity
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of the perturbations. The minimum value of ρLDM we shall measure depends on
the LISA sensitivity at the frequencies of interest for ID and DM, e.g., 2 y−1.
If we extrapolate the sensitivity curve in Fig. (1.3) to 2 y−1 (h ∝ 1/f3 for
f < 10−5 Hz, see Ref. [3]) and assume gaussian noise, we find that, for an
observation time of 5 y (LISA nominal lifetime), the accuracy we can reach on
the measure of δi,j,s is

σδi,j,s
≈ 7.5 · 10−2 µm.

This means that we can detect the effects of dark matter on LISA orbits up to
a density of

ρLDM ≈ 10−4ρ0 ≈ 10−24 kg/m3
,

i.e., 10−8 times the value in Ref [27], under the assumption that ρID is known
with analogous accuracy (which is not the case at present time, being ρ0 inferred
indirectly via the integration of mass distribution).

However, we are able to provide strong upper limits on LDM density: in
fact, we have that

ρLDM =
ρtot

1 + λ
< ρtot

and, under the assumption that ρobs ≈ ρ0, this provides an upper limit on
ρLDM , which is ≈ 10−3 times the value in Ref. [27]; upper limits might be
interesting even if the measured noise will be worse of a 102 factor.
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Appendix A

A group is a tern G = (G, π,C), beingG a non-empty set, π an internal operation
binary in G and C the rules:

• ∀ pair of elements f, g ∈ G, their composition π(f, g) ∈ G;

• ∀ tern of elements f, g, h ∈ G we have

π(f, π(g, h)) = π(π(f, g), h);

• ∃ e ∈ G | ∀ g ∈ G is

π(e, g) = π(g, e) = g;

• ∀ g ∈ G ∃ g |
π(g, g) = π(g, g) = e.

Symmetries are fundamental tools in physics whose definition, proposed by
Hermann Weyl, reads as follows: the symmetry of a system is the invariance of
the configuration of certain elements of the system under a group of reversible
transformations of the system itself. Groups and symmetries are therefore
strongly correlated, because the elements of an abstract group might become
operations that, if applied to a particular system, leave it unvaried.

Let us focus now on the group of the cyclical permutations of n objects Pn.
We take the set Φ, whose cardinality is n: in order to represent explicitly a
permutation we arbitrarily number the elements of Φ from 1 to n; the permu-
tation p that associates the element m with the element p(m) (m = 1, 2, ..., n)
is represented with the notation

p =
(

1 2 . . . n
p(1) p(2) . . . p(n)

)
Therefore the identical permutation is

e =
(

1 2 . . . n
1 2 . . . n

)
This notation is useful, but redundant. A more compact notation is the one

given in terms of the cyclical permutations. A permutation is said to be cyclical
if it admits the following representation:

c =
(
. . . ai . . . aj . . . am . . .
. . . aj . . . am . . . ai . . .

)
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where the dots stand for elements b ∈ Φ for which p(b) = b.
Since LISA masses are identical, P3 is group of symmetry for the constella-

tion because, under a permutation of the satellites at the vertices of the triangle,
we get back the same configuration after one third (and multiples) of year.
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